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Abstract 

Building on an idea of Chazal et al. [llj, we introduce and study the interleaving distance, 
a pseudometric on isomorphism classes of multidimensional persistence modules. 

We present five main results about the interleaving distance. First, we show that in the 
case of ordinary persistence, the interleaving distance is equal to the bottleneck distance on 
tame persistence modules. Second, we prove a theorem which implies that the restriction 
of the interleaving distance to finitely presented multidimensional persistence modules is a 
metric. The same theorem, together with our first result, also yields a converse to the algebraic 
stability theorem of [11]; this answers a question posed in that paper. Third, we observe that 
the interleaving distance is stable in three senses analogous to those in which the bottleneck 
distance is known to be stable. Fourth, we introduce several notions of optimality of metrics on 
persistence modules and show that when the underlying field is Q or a field of prime order, the 
interleaving distance is optimal with respect to one of these notions. This optimality result, 
which is new even for ordinary persistence, is the central result of the paper. We also prove 
that a version of this result holds for ordinary persistence modules over any field, provided we 
restrict attention to a class of well behaved ordinary persistence modules containing the finitely 
presented ones. Fifth, we show that the computation of the interleaving distance between two 
finitely presented multidimensional persistence modules M and N reduces to deciding the 
solvability of O(logm) systems of multivariate quadratic equations, each with 0{m?) variables 
and 0{w?') equations, where m is the total number of generators and relations in a minimal 
presentation for M and a minimal presentation for N . 
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1 Introduction 



1.1 Background 

Persistent homology [24^ [33| [23] , a multiscale extension of the classical homology functor of 
algebraic topology, has proven to be an extremely useful tool in applied and computational 
topology. In the last decade, it has has been applied effectively to a wide variety of problems 
of practical interest [201 El [301 1211 [3 [IS] and has established itself as a technical pillar 
of the emerging field of topological data analysis [1]. At the same time, persistent homology 
has been the focus of a growing body of theoretical work. This work has offered insight into 
algebraic and algorithmic questions surrounding persistent homology [TTl|5l[29], and has begun 
to put on firm mathematical footing the use of persistent homology in an inferential setting 



Persistent homology enjoys a number of nice properties that make it a very attractive tool 
with which to work. First, the isomorphism classes of persistence modules, the algebraic targets 
of the persistent homology functors, are completely described by invariants called persistent 
diagrams which are readily visualized and which transparently reflect geometric properties of 
the source objects [33]. Persistence diagrams can be efficiently computed from geometric input 




Another favorable property of persistent homology, and one that will be of particular in- 
terest to us here, is that there are well-behaved, easily understood, and readily computable 
metrics on persistence modules. The most popular of these is known as the bottleneck dis- 
tance. The bottleneck distance and its variants [18] play a central role in both the theory 
and applications of persistent homology: The stability theorems for persistence [T71 [TTl [12] 
and theorems about inferring persistent homology from point cloud data [14^ [T3] are typically 
formulated using bottleneck distance, and many applications of persistent homology to shape 
comparison and related tasks [311 [9l [3l [H [18] rely in an essential way on computations of the 
bottleneck distance and its variants. 

In 2006 the authors of [5] introduced multidimensional persistent homology, a generalization 
of persistent homology. Whereas ordinary persistent homology produces algebraic invariants 
of topological spaces filtered by a single real parameter, multidimensional persistence produces 
algebraic invariants of topological spaces filtered by several real parameters. 

Such "multifiltered" geometric objects arise naturally in a number of settings of interest 
in applications; for example, as we discuss in Section 17.41 there are natural ways of defining 
functors which associate topological spaces filtered by n parameters to M"-valued functions on 
topological spaces, or topological spaces filtered by n + 1 parameters to R'^-valued functions 
on metric spaces. By way of these functors, multidimensional persistence provides invariants 
of such functions that are capable of encoding far more geometric information than their 1-D 
persistence analogues. 

In fact, this approach also allows us to construct rich families of invariants of metric spaces 
lacking the additional data of a function to begin with; to do this, we associate to each metric 
space X a function fx'-X^ M" and then apply the multidimensional persistence invariants 



[I71[IIl[l2l[ni[l3l[l5]. 
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available for functions on metric spaces. For example, as suggested in [8], fx can be chosen to 
be a density estimator or an eccentricity function. 

Despite the fact that in many settings multidimensional persistence yields a far richer set 
of invariants than ordinary persistence does, the computational topology community has thus 
far been slow to make use of the machinery of multidimensional persistence in applications. 
This is in sharp contrast to the case of ordinary persistence. 

That the community has not been quicker to put multidimensional persistence to use is 
not entirely surprising. After all, with the added power and generality of multidimensional 
persistence comes a significant degree of additional mathematical complexity. In turn, this 
added complexity presents obstacles to extending in naive ways the usual methodologies for 
applying persistent homology. 

For example, whereas the structure theorem for finitely generated ordinary persistence 
modules [33] gives that ordinary persistence modules decompose uniquely into cyclic sum- 
mands, multidimensional persistence modules admit no such decomposition in general. As a 
result, the characterization of the isomorphism class of ordinary persistence modules in terms 
of persistence diagrams does not extend to the multidimensional case. 

In the absence of an analogue of the persistence diagram for multidimensional persistence 
modules, the bottleneck distance between persistence modules does not admit a naive gener- 
alization to a metric in the multidimensional setting. 

This being the case, the question of how to best generalize the bottleneck distance to the 
setting of multidimensional persistence has remained open0 

In this paper, we address this question, motivated by the view that a sound theoreti- 
cal understanding of how to best to chose metrics for multidimensional persistence modules 
promises to facilitate the adaptation to the multidimensional setting of theoretical results and 
applications of ordinary persistence which require having a metric on persistence diagrams. 

1.2 Overview 

We introduce and study here the interleaving distance, a pseudometric on isomorphism classes 
of multidimensional persistence modules which restricts to a metric on finitely presented persis- 
tence modules. We define the interleaving distance in terms of e-interleaving homomorphisms; 
these are generalizations to the setting of multidimensional persistence of objects introduced 
in the context of 1-D persistence in pjj§| While the interleaving distance for ordinary per- 
sistence modules is not explicitly defined in [TT], the definition is considered implicitly in the 
conclusion of that paper. 

We present five main results about the interleaving distance. The first result, Theorem 15. 2^ 
shows that in the case of ordinary persistence, the interleaving distance is in fact equal to the 
bottleneck distance on tame persistence modules. Our proof relies on a generalization of the 

^The matter of defining a psuedometric on multidimensional persistence modules has, however, previously been 
considered in 10.. 

^What we call an e-interleaving homomorphism here is called a strong e-interleaving homomorphism in [11,; since 
we have no occasion to consider weak e-interleaving homomorphisms here, we drop the descriptor strong. 
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structure theorem [33| for finitely generated ordinary persistence modules to (discrete) tame 
persistence modules. This generalization is proven e.g. in [32j . 

Our second main result is Theorem 16. 1[ As an immediate consequence of this theorem, we 
have Corollary 16.21 which says that the interleaving distance restricts to a metric on finitely 
presented persistence modules. Theorems 15.21 and 16.11 together also yield Corollary 16.31 ^ 
converse to the algebraic stability theorem of ^1]. This result answers a question posed in 

m- 

Our third result is the observation that the interleaving distance is stable in three senses 
analogous to those in which the bottleneck distance is known to be stable. These stability 
results, while notable, require very little mathematical work; two of the stability results turn 
out to be trivial, and the third follows from a minor modification of an argument given in |12j . 

Our fourth main result, CoroUarv 110.21 is an optimality result for the interleaving distance. 
It tells us that when the underlying field is Q or a field of prime order, the interleaving distance 
is stable in a sense analogous to that which the bottleneck distance is shown to be stable in 
\17\ lllj. and further, that the interleaving distance is, in a uniform sense, the most sensitive 
of all stable pseudometrics. This "maximum sensitivity" property of the interleaving distance 
is equivalent to the property that, with respect to the interleaving distance, multidimensional 
persistent homology preserves the metric on source objects as faithfully as is possible for any 
choice of stable pseudometric on multidimensional persistence modules; see Remark 19.11 for 
a precise statement. Our optimality result is new even for 1-D persistence. In that case, it 
offers some mathematical justification, complementary to that of [n\ lllj . for the use of the 
bottleneck distance. 

In fact, provided we restrict attention to a class of well behaved ordinary persistence mod- 
ules containing the finitely presented ones, the assumption that the underlying field is Q or a 
field of prime order is unnecessary; our Theorem 110.61 gives an analogue of Corollary 110.21 for 
this class of modules, over arbitrary fields. 

The main step in the proof of Corollary 110.21 is the proof of Theorem 110.71 which gives a 
condition equivalent to the existence of e-interleaving homomorphisms between two persistence 
modules. Theorem 110.71 expresses transparently the sense in which e-interleaved persistence 
modules are algebraically similar; we believe that this result is of independent interest. 

Given our first four main results, it is natural to ask if and how the interleaving distance 
can be computed. Our fifth main result speaks to this question. The result, which follows 
from Theorem II 1.41 and Proposition 1 1 1 . 7l is that the computation of the interleaving distance 
between two finitely presented multidimensional persistence modules M and N reduces to 
deciding the solvability of O(logm) systems of multivariate quadratic equations, each with 
0{m?) variables and 0{m?') equations, where m is the total number of generators and relations 
in a minimal presentation for M and a minimal presentation for N . This result is just a first 
step towards understanding the problem of computing the interleaving distance; we plan to 
address the problem more fully in a subsequent paper. 
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1.2.1 Related Work 



After making the first preprint of tliis paper publicly available, it was brought to our attention 
that the paper [19] contains an optimality result for the bottleneck distance similar to the op- 
timality results given here, for the special case of 0-dimensional ordinary persistent homology. 
Our Theorem 110.61 generalizes a slight weakening of \19\ Theorem 32]; see Remark llO.il 

1.3 Outline 

We conclude this introduction with an outline of the rest of the paper. Sections [2][5] of the 
paper are primarily algebraic. Section [2] covers a variety of algebraic preliminaries that will 
be needed for the rest of the paper. In particular, we define multidimensional persistence 
modules as n-graded modules over a monoid ring A;[M>q], define the interleaving distance, and 
discuss minimal presentations of persistence modules. Section [3] is devoted to the review of 
results about 1-D persistence which we use in Sections [4]l6l The focus of Section [4] is on the 
adaptation of the structure theorem of [7] for discrete tame persistence modules to a class 
of well behaved persistence modules. Using this result, in Section [5] we prove Theorem 15.21 
our first main result, which tells us that the interleaving distance is equal to the bottleneck 
distance for tame 1-D persistence modules. In Section [H we prove our second main result. 
Theorem 16.11 

In Section [TJ we review preliminaries of a geometric nature which we need in Sections [HlllOl 
We define here three variants of the multidimensional persistent homology functor which are 
of interest from the standpoint of applications, and review CW homology and the stability 
of ordinary persistence. In Section [8] we present our third main result, that multidimensional 
persistent homology is stable with respect to the interleaving distance in three senses. In 
Section [9l we introduce a general framework for defining the optimality of pseudometrics 
on multidimensional persistence modules. We specialize this framework to arrive at several 
notions of optimality of such pseudometrics. 

In Section [TOl we prove Theorem 1 10.7^ our characterization of the existence of e- inter leaving 
homomorphisms between two modules. Using this, we prove the optimality result Corol- 
lary 110.21 for the interleaving distance, our fourth main result. In addition, we present The- 
orem 110.61 our analogue of Corollary 110.21 for arbitrary fields in the case where we restrict 
attention to a class of well behaved 1-D persistence modules. 

In Section [TTt we present our fifth main result, the reduction of the computation of the 
interleaving distance between finitely presented persistence modules to the problem of deciding 
the solvability of systems of quadratics. 

Section [12] concludes the paper with a discussion of open problems and future directions 
for research related to our investigations here. 

2 Algebraic Preliminaries 

In this section we define persistence modules and review some (primarily) algebraic facts and 
definitions which we will need throughout the paper. 
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2.1 First Definitions and Notation 



2.1.1 Basic Notation 

Let A; be a field. Let N denote the natural numbers, Z>o denote the non-negative integers, ]R>o 
denote the non-negative reals, and M>o denote the positive reals. We view as a partially 
ordered set, with (ai,...,a„) < iff < bi for all i. Let denote the i*^ standard 

basis vector in M". 

For ^4 C M any subset, let A denote A U {— oo, oo}. 

2.1.2 Notation Related to Categories 

For a category C, let obj(C) denote the objects of C and let obj*(C) denote the set of isomor- 
phism classes of objects of C. For X,Y € obj(C) let hom{X,Y) denote the set of morphisms 
from X to Y. 

2.1.3 Metrics, Pseudometrics, and Semi-pseudometrics 

Recall that a pseudometric on a set X is a function d : X xX ^ M>o U {oo} with the following 
three properties: 

1. d{x, x) = for all x G X. 

2. d{x, y) = d{y, x) for all x,y E X. 

3. d{x, z) < d{x, y) + d{y, z) for all x,y,z E X. 

We'll often use the term distance in this paper as a synonym for pseudometric. 

A metric is a pseudometric d with the additional property that d{x, y) 7^ whenever x ^ y. 
We define a semi-pseudometric to be a function d : X x X ^ R>o U {00} satisfying properties 
1 and 2 above. 

2.1.4 Metrics on Categories 

In this paper we'll often have the occasion to define a pseudometric on obj*((7), for C some 
category. For d such a pseudometric, M,N E obj (C) , and [M] , [N] the isomorphism classes of 
M and N, we'll always write d{M,N) as shorthand for d{[M], [N]). 

2.2 Commutative Monoids and Commutative Monoid Rings 

Monoid rings are generalizations of polynomial rings. 

A commutative monoid is a pair {G,+g), where G is a set and +g is an associative, 
commutative binary operation on G with an identity element. Abelian groups are by definition 
commutative monoids with the additional property that each element has an inverse. We'll 
often denote the monoid (G, simply as G. A submonoid of a monoid is defined in the 
obvious way, as is an isomorphism between two monoids. 

Given a set S, let k[S] denote the vector space of formal linear combinations of elements of 
S. If G = (G, +g) is a monoid, then the operation +g induces a ring structure on k[G], where 
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multiplication is characterized by the property {kigi){k2g2) = ^1^2(51 +092) for ki,k2 G k, 
51)52 £ G- We call the resulting ring the monoid ring generated by G, and we denote it k[G]. 

Let An denote k[xi, ...,Xn], the polynomial ring in n variables with coefficients in k. For 
n > 0, Z>Q is a monoid under the usual addition of vectors. It's easy to see that A;[Z"q] is 
isomorphic to An- 

Similarly, ]R"q is a monoid under the usual addition of vectors. Let Bn denote the monoid 
ring fc[M>Q]. We may think of Bn as an analogue of the usual polynomial ring in n- variables 
where exponents of the indeterminates are allowed to take on arbitrary non-negative real 
values rather than only non-negative integer values. With this interpretation in mind, we'll 
often write (ri, r^i) as x^^X2^ • • • xj^", for (ri, r„) € ]R"q. 

2.3 Multidimensional Persistence Modules 

We first review the definition of a multidimensional persistence module given in [8j. We then 
define analogues of these over the ring Bn- 

In what follows, we'll often refer to multidimensional persistence modules simply as "per- 
sistence modules." 

2.3.1 A„-Persistence Modules 

Fix n G N; let A„ denote the ring k[xi, Let ej denote the i^^ standard basis vector in 

Z". An A„-persistence module IS an A-^-module IVE with a direct sum decomposition as a 
/c-vector space M = 0„g2n such that the action of A„ on M satisfies Xi(Mu) C M„+ei 
for all n E Z". In other words, a A„-persistence module is simply an A„-module endowed with 
an n-graded structure. 

For M and N A„-persistence modules, we define hom(M, N) to consist of module homo- 
morphisms / : M — > N such that /(M^) C N^j for all n G Z". This defines a category whose 
objects are the A„-persistence modules. Let A^-mod denote this category. 

2.3.2 S„-persistence modules 

In close analogy with the definition of an n-graded A„-module, we define a i?„-persistence 
module to be a i?„-module M with a direct sum decomposition as a /c-vector space M = 
©liGM" such that the action of Bn on M satisfies xf{Mu) C Mu+ae^ for all n S M", q > 0. 

For M and N i?„-persistence modules, we define hom(M, N) to consist of module homo- 
morphisms f : A4 N such that f{Mu) C A^^^ for all u S M". This defines a category whose 
objects are the i?„-persistence modules. Let i?„-mod denote this category. 

Our notational convention will be to use boldface to denote A„-persistence modules and 
italics to denote i?„-persistence modules. We'll often refer to Ai-persistence modules and 
i?i-persistence modules as ordinary persistence modules. 
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2.3.3 On the Relationship Between A„-persistence Modules and _B„-persistence 
Modules 

Since A„ is a subring of Bn, we can view Bn as an A„-module. If M is an A„-persistence 
module then M(8)a„ Bn is a i?„-module. Further, M(8)a„ Bn inherits an n-grading from those 
on Bn and M which gives M ^a„ Bn the structure of a i3„-persistence module. 

In fact, (•) <^An Bn defines a functor from A„-mod to i3„-mod. It can be checked that this 
functor is fully faithful and descends to an injection on isomorphism classes of objects. Thus 
the functor induces an identification of A„-mod with a subcategory of i?n-mod. 

In light of this, we can think of i?„-persistence modules as generalizations of A„-persistence 
modules. Finitely presented -B„-persistence modules arise naturally in applications, as dis- 
cussed in Section 17. 4i In a sense that can be made precise using machinery mentioned in 
Remark 14. H it is possible to view them as A„-persistence modules endowed with some ad- 
ditional data. However, this is awkward from the standpoint of constructing pseudometrics 
between i?„-persistence modules. We thus regard i?„-persistence modules as the fundamental 
objects of interest here, and use A„-persistence modules in this paper only in the case n = 1 
to translate results about Ai-persistence modules into analogous results about i?i -persistence 
modules. 

In the remainder of Section [2.31 we present some basic definitions related to i?„-persistence 
modules. All of these definitions have obvious analogues for A„-persistence modules; we'll use 
these analogues where needed without further comment. 

2.3.4 Homogeneity 

Let M be a -B„-persistence module. For u € M", we say that is a homogeneous summandof 
M. We refer to an element v € as a homogeneous element of grade n, and write gr{v) = u. 
A homogeneous suhmodule of a -B^-persistence module is a submodule generated by a set 
of homogeneous elements. The quotient of a i?,i-persistence module M by a homogeneous 
submodule of M is itself a ^^-persistence module; the n-graded structure on the quotient is 
induced by that of M. 

2.3.5 Transition Maps 

For M a -B,i-persistence module, and any u < f € M", the restriction to M„ of the action on 
M of the monomial defines a linear map with codomain My. Denote 

this map by ifM{u,v). 

2.3.6 Shifts of 5„-Persistence Modules 

Let M be a i?„-persistence module. For u G M", define M(m) by taking, for all v € M"', 
M(u)^ = M„+^. We take the transition maps for M(u) to be induced by those of M in the 
obvious way. Let 1 € M" denote the vector whose components are each 1. As a matter of 
notational convenience, for u £ M" and e € M, let n + e denote u + el. For e € M, define M(e) 
to be -/Vf(el). More generally, for any subset Q C M, let Q(e) C M(e) denote the image of 
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Q under the bijection between M and M(e) induced by the identification of each summand 
M{e)u with Mu+e- 

Note that for any two -Bn-persistence modules M and A^, and e € K>o, a homomorphism 
f : M ^ N induces in an obvious way a homomorphism with domain M(e) and codomain 
N{e). By shght abuse of notation, we'h also refer to this induced map as /. 

For a i?n-persistence module M and e € M>o let S{M,e) : M — > M(e), the (diagonal) 
e-shift homomorphism, be the homomorphism whose restriction to is the linear map 
ipM{u, u + e) for all u G M". 

2.3.7 Tameness 

Following [IT] we'll call a i?„-persistence module tame if each homogeneous summand of the 
module is finite dimensional. Note that this is a more general notion of tameness than that 
which appears in the original paper on the stability of persistence [17] . 

2.4 e-interleavings and the Interleaving Distance 

We now define the interleaving distance on ^^-persistence modules. 

For e > 0, we say that two i?„-persistence modules M and are e-interleaved if there 
exist homomorphisms f : M -^(c) ^-nd g : N ^ M{e) such that g o f = S{M, 2e) and 
f o g = S{N, 2e); we refer to such / and g as e-interleaving homomorphisms. 

The definition of e-interleaving homomorphisms was introduced for i?i-persistence modules 
in dU. 

Remark 2.1. It's easy to see that if < ei < €2 and M and N are ei-interleaved, then M and 
are e2-interleaved. 

We define dj : obj*(i?„-mod) x obj*(i?„-mod) M>o U {00}, the interleaving distance, 
by taking dj{M,N) = inf{e G M>olM and N are e-interleaved}. 

Note that dj is pseudometric. However, the following example shows that dj is not a metric. 

Example 2.1. Let M be the i?i -persistence module with Mq = k and Ma = if a 7^ 0. Let 
A'^ be the trivial i?i-persistence module. Then M and A^ are not isomorphic, and so are not 
0-interleaved, but it is easy to check that M and A^ are e-interleaved for any e > 0. Thus 
di{M,N) = 0. 

2.5 Free ^^-persistence Modules and Related Algebraic Basics 
2.5.1 n-graded Sets 

We begin our discussion of free -B„-persistence modules with some foundational definitions. 

Define an n-graded set to be a pair G = (G, lg) where G is a set and lg '■ G ^ M" is any 
function. When lg is clear from context, as it will usually be, we'll write iG{y) as gr[y) for 
y & G. We'll sometimes abuse notation and write G to mean the the set G when no confusion 
is likely. The union of disjoint graded sets is defined in the obvious way. For e > and 
G = {G, Lg) an n-graded set, let G{e) be the n-graded set (G, l'q), where ^'^(y) = L{y) — e. 



9 



For G an n-graded set, define gr{G) : M" — )• Z>o U {00} by taking gr{G){u) to be the 
number of elements y G G such that gr(y) = u. Note that for any i?„-persistence module M, a 
set Y of homogeneous elements of M inherits the structure of an n-graded set from the graded 
structure on M, so that gr{Y) is well defined. 

2.5.2 Free H„-persistence modules 

The usual notion of a free module module extends to the setting of i?„-persistence modules as 
follows: For G an n-graded set, let (G) = ®y^QBn{—gr{y)). A free Bn-persistence module F 
is a ^^-persistence module such that for some set n-graded set G, F = (G). 

Equivalently, we can define a free -B^-persistence module as a -B^-persistence module which 
satisfies a certain universal property. Free A„-persistence modules are defined via a universal 
property e.g. in [HI Section 4.2]. The definition for ^^-persistence modules is analogous; we 
refer the reader to [S] for details. 

A basis for a free module F is a minimal set of generators for F. For G any graded set, 
identifying y G G with the copy of \{—gr{y)) in the summand Bn{—gr{y)) of {G) corresponding 
to y gives an identification of G with a basis for {G). It can be checked that if B and B' are 
two bases for a free i?ri-persistence module F then gr(B) = gr(B'). Clearly then, gr{B) of 
an arbitrarily chosen basis B for F is an isomorphism invariant of F and determines F up to 
isomorphism. 

For R a homogeneous subset of a free i?n-persistence module F, (R) will always denote the 
submodule of F generated by R. Since, as noted above, R can be viewed as an n-graded set, 
we emphasize that for such R, {R) does not denote ® y<^RBn[— gr{y)) . 

2.5.3 Free Covers and Lifts 

For M a -B„-persistence module, define a free cover of M be a pair {Fm,Pm), where Fm is 
a free -Bri-persistence module and pM '■ Fm — > M a surjective morphism of i?„-persistence 
modules. 

For M,N i?„-persistence modules, {Fm,Pm) and {Fn,pn) free covers of M and A^, and 
f : M ^ N a morphism, define a lift of / to be a map / : Fm — > Fn such that the following 
diagram commutes. 

Fm Fn 



PM 



PN 



M — ^ A^ 

Lemma 2.1 (Existence and Uniqueness up to Homotopy of Lifts). For Bn-persistence modules 
M and N, free covers {Fm,Pm), {Fn,pn) of M,N, and a morphism f : M N, there exists 
a lift f : Fm Fjy of f . If f : Fm — > Fjy is another lift of f , then im{f — f ) C ker{p]y). 

Proof. This is just a specialization of the standard result on the existence and homotopy 
uniqueness of free resolutions \25\ Eisenbud A3. 13] to the O*'^ modules in free resolutions for 
M and A^. The proof is straightforward. □ 
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2.5.4 Presentations of S^-persistence Modules 

A presentation of a i3„-persistence module M is a pair (G, R) wliere G is an n-graded set 
and R C (G) is a set of tiomogeneous elements such that M = {G)/{R). We denote the 
presentation {G,R) as {G\R). For n-graded sets Gi,...,Gi and sets Ri,...,Rm C {GiU ...UGi), 
we'll let (Gi, ...,Gi\Ri, ...,Rm) denote (Gi U ... U Gi\Ri U ... U Rm). 

If M is a i?„-persistence module such that there exists a presentation {G\R) for M with G 
and finite, then we say M is finitely presented. 

2.5.5 Minimal Presentations of i?„-persistence Modules 

Let M be a i?„-persistence module. Define a presentation {G\R) of M to be minimal if 

1. the quotient (G) {G)/{R) maps G to a minimal set of generators for {G)/{R). 
1. i? is a minimal set of generators for (i?). 

It's clear that a minimal presentation for M exists. 

Theorem 2.2. If M is a finitely presented Bn-persistence module and {G\R) is a minimal 
presentation of M , then for any other presentation {G'\R') of M , gr{G) < gr{G') and gr{R) < 
gr{R'). 

Note that the theorem implies in particular that if {G\R) and {G'\R') are two minimal 
presentations of M then gr{G) = gr{G') and gr{R) = gr{R'). 

We defer the proof of the theorem to Appendix|Bl The proof is an adaptation to our setting 
of a standard result [25\ Theorem 20.2] about free resolutions of modules over a local ring. The 
main effort required in carrying out the adaptation is to prove that the ring Bn has a property 
known as coherence; we define coherence and prove that Bn is coherent in Appendix lAl 

3 Algebraic Preliminaries for 1-D Persistence 

In this section, we review algebraic preliminaries and establish notation specific to 1-D per- 
sistent homology. This material will be used in Sections H] and [5] to develop the machinery 
needed to prove Theorem 15. 2i 

3.0.6 Basic Notation 

For S any subset of M?, let 5+ = {(a, b) € S\a < b}. For S a set and / : 5 — M a function, let 
supp(/) = {se S\f{s) + 0}. 

3.1 Structure Theorems For Tame Ai-Persistence Modules 

The structure theorem for finitely generated Ai persistence modules |33] is well known in the 
applied topology community. In fact, this theorem generalizes to tame Ai-modules. The exis- 
tence portion of the generalized theorem is given e.g. in [32) : the uniqueness is not mentioned 
there but is very easy to show; we do so below. To our knowledge, this generalization has 
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not previously been discussed in the computational topology literature. We will use the more 
general theorem to show that the bottleneck distance is equal to the interleaving distance for 
ordinary persistence. 

Before stating the results, we establish some notation. For a < b £ Let C(a, b) denote the 
module {k[x]/{x''-'')){-a). Let C (a, oo) = k[x]{—a). Note that for fixed b (possibly infinite), 
the set of modules {C{a,b)}a^(-oo,b) has a natural directed system structure; let C(— 00,6) 
denote the colimit of this directed system. 

For M a module and m € Z>o, let Af" denote the direct sum of m copies of M. 

Theorem 3.1 (Structure Theorem for finitely generated Ai-persistence modules [33]). Let 
M be a finitely generated Ai-module. Then there is a unique function '■ (^ x ^)+ ^>o 
with finite support such that 

M = e(,,fe)esupp(7?M)C(a,6)^-("'''). 

Theorem 3.2 (Structure Theorem for tame Ai-persistence modules [32]). Let M be a tame 
Ai-module. Then there is a unique function Pm : Z>o such that 

M = e(,,,)esupp(7?M)C(a,6)^^('^''). 

The uniqueness part of Theorem 13.21 is an immediate consequence of the following lemma, 
upon noting that the right hand sides of the equations in the statement of the lemma do not 
depend on Pm- 

Lemma 3.3. Let M be a tame A\-module, and let Pm : ^+ ^>o be a function such that 
M ^ e(a,fe)Gsupp{7?M)C(a,6)^^(''''). Then 

(i) For {a,b) G Zl, 

VMia, b) = rank(93M(a, b—l))—rank{ip^{a, 6))— rank(93M(a— 1, b—l))+Tank{ip^{a—l, b)). 

(a) For 6 G Z, Pm(-oo,6) = lima^^oo i"ank((y9M(a, ^ - 1)) - lima^_oo rank((/?M(a, 6)). 
(Hi) Fora^Z, PM(a, 00) = limfc„^oo i'ank((/?M(0; &)) — linife-^oo rank(99M(a — 1, b)). 
(iv) Pm(-oo,oo) = lima^_ooli^l6^ooI•ank((/?M(a,fe))• 
Proo/. This is trivial. □ 
We call T>M the (discrete) persistence diagram of M. 

In Section U we prove a structure theorem analogous to Theorem 13.21 for a subset of the 
tame i?i-persistence modules which contains the finitely presented i?i-persistence modules. 
We do not address the problem of generalizing this structure theorem to the full set of tame 
i3i-persistence modules, but to echo a sentiment expressed in [Hj, it would be nice to have 
such a result. 
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3.2 Discrete Persistence modules. 



In order to define persistence diagrams of -Bi-persistence modules, we need a mild generaliza- 
tion of Ai-persistence modules. 

Let S C M be a countably infinite set with no accumulation point. The authors of [11] define 
a discrete persistence module Mg to be a collection of vector spaces {Ms}s&s indexed by 
S together with linear maps {ipMsi^i^ ^2)}si<s2&s- 

Define a grid function t : Z — )• M to be a strictly increasing function with no accumulation 
point. 

Remark 3.1. Discrete persistence modules are of course closely related to Ai-persistence mod- 
ules. A countably infinite subset of S" C M with no accumulation point can be indexed by a 
grid function t with image S, and such a grid function is uniquely determined by the value 
of t{Q). Thus, pairs {Ms,s), where Ms is a discrete persistence module and s is an element 
of S, are equivalent to pairs (M',t), where M' is an Ai -persistence module and t is a grid 
function; there is an equivalence sending each pair (Ms,s) to the pair (M',t), where f is a 
grid function with im(t) = 5, t(0) = s, and M' is the Ai-persistence module such that for 
z e Z,M^ = Mi(^) and i^mK^i^ ^2) = ^Ms{'t{zi)^t{z2))- 

As a matter of expository convenience, from now on we'll define discrete modules to be 
pairs (M, t) where M is an Ai-persistence module and t is a grid function. This in effect 
means we are carrying around the extra data of an element of S in our discrete persistent 
modules relative to those defined in |11| . but this won't present a problem-in particular, the 
definition of the persistence diagram of a discrete persistence module that we present below is 
independent of the choice of this element, and is equivalent to that of |llj . 



3.3 Persistence Diagrams 



The definition of a persistence diagram that we present here differs in some cosmetic respects 
from that in [11]. Our choice in this regard is a matter of notational convenience; the reader 
may check that our definition of the bottleneck distance between tame i?i-persistence modules 
is equivalent to that of [llj. 



For a grid function t, define t : Z 



as 



iiz) 



t{z) 
—00 
00 



if z G 
if z = 
if z = 



— 00, 
00. 



Let t X t : Z2_ ^ M2_ be defined by t x t{a,h) = {t{a),t{h)). 

We define a persistence diagram to be a function V : Z>o. 

For (M,t) a discrete persistence module, define I^(M,t)) the persistence diagram of 
(M, t), to be the persistence diagram for which supp(X'(M_t)) = i x t{supp(VM)) and so that 
2^(M,t)(i»,i(&)) = ^M(a,fe) for all (a, 6) € Z^. 
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3.3.1 Bottleneck Metric 

For x € M, define x + oo = oo and x — oo = — oo. Then the usual definition of norm on the 
plane extends to E?; we denote it by || • ||oo- 

Now define a multibijection between two persistence diagrams T)i,T>2 to be a function 
7 : supp(Pi) X supp(X'2) ^>o such that 

1. For each x € supp(Pi), the set {y € supp(P2)I(a;, y) € supp(7)} is finite and 

yesupp{V2) 

2. For each y € supp(P2), the set {x G supp(Pi)[(a;, y) G supp(7)} is finite and 

T^2{y)= ^ l{x,y)- 

xesupp(Di) 

For persistence diagrams X'i,2?2, let C{T>i,V2) denote the triples (D^,D2 7 7)) where V'^, 
and 'D2 are persistence diagrams with < ^^i , 2^2 — -^2 , and 7 is a multibijection between 
V[ and V'2. 

We define the bottleneck metric ds between two persistence diagrams T)i,T>2 as 



dB{T>i,T)2) = inf max 



( \ 

sup -(6 -a), sup i|y-x|loo 

{a,fe)Gsupp(Di-D'i) ^ (x,j/)esupp(7) 



\ U supp(02-X)2) / 

3.3.2 Discretizations of Si-modules 

Let t be a grid function. For M a i?i-persistence module, we define the t-discretization of M 
to be the discrete persistence module (Pt(M),t) with Pj(M) defined as follows: 

1. For z G Z, Vt(M)z = M^^y, let lM,t,z ■ Pt(M)^ Mt(^^) denote this identification. 

2. For y,z eZ, y < z, ip-p^^M){v, z) = ll^t^^ o (pM{t{y),t{z)) olM,t,y 

3.3.3 Persistence diagrams of Si-persistence modules 

We'll say a grid function t is an e-cover if for any a G M, there exists b G im(t) with |a — 6| < e. 
Now fix a G M and let {ti}'^^ be a sequence of grid functions with ti a l/2*-cover. 

It is asserted in [11] that for any tame -Bi-persistence module M the persistence diagrams 
^(Pt (M),ti) converge in the bottleneck metric to a limiting persistence diagram T>m and that 
Vm is independent of the choice of the sequence {ti}. We call Vm the persistence diagram of 
M. For M and N tame i?i-persistence modules, we define dB{M,N) = dBiT>M-,T^N)- 

Remark 3.2. Two non-isomorphic tame i?i-persistence modules can have identical persistence 
diagrams. For example, take M and N to be the i?i-persistence modules of Example 12.11 
M and are not isomorphic but it is easy to check that they have the same persistence 
diagram. Thus ds defines a pseudometric (but not a metric) on isomorphism classes of tame 
i?i-persistence modules. 
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4 Structure Theorem for Well Behaved i?i-persistence 
modules 



In this section we prove an analogue of Theorem 13.21 for a certain subset of the tame Bi- 
persistence modules which we call the well behaved persistence modules. The set of well 
behaved persistence modules contains the set of finitely presented i3i -persistence modules. 
These modules are in a sense "essentially discrete." Indeed, they are exactly the i?i-persistence 
modules that are the images of tame Ai-persistence modules under a certain family of functors 
from Ai-mod to -Bi-mod. 

Our strategy for proving the structure theorem for well behaved persistence modules is to 
exploit Theorem 13. 2^ taking advantage of the functorial relationship between Ai-persistence 
modules and well behaved Bi-persistence modules. 



4.1 Well Behaved Persistence Modules 

A critical value of a Si -persistence module M is a point a G M such that for no e € M>o is it 
true that for all n < t> € [a — e, a + e], ^m{u-, v) is an isomorphism. 
We'll say a tame i?i-persistence module M is well behaved if 

1. The critical values of M are countable and have no accumulation point. 

2. For each critical point a of M, there exists e > such that (pMio-^y) is an isomorphism 
for all y E [a, a + e]. 

Proposition 4.1. A finitely presented Bi-persistence module is well behaved. 

Proof. Let M be a finitely presented i?i-persistence module and let C/ C M be the set of grades 
of the generators and relations in a minimal presentation for M. (It follows from Theorem 12.21 
that U is well defined). Lemma [6.4l below tells us that for any a < 6 € M such that (a, bjCiU = 0, 
ipM{o-^b) is an isomorphism. Since U is finite, the result follows immediately. □ 

Let t be a grid function. Define t~^ : M — >■ Z by t^^{y) = maxjz G Z,\t{z) < y}. 
Define : 1 ^ Z by 

t-^{u) ifuGR, 
t~^{u) = < -oo if li = -oo, 
oo if u = oo. 
We'll now define a functor Et : Ai-mod— )• i?i-mod as follows: 

1. Action of Ef on objects: For M an Ai-persistence module and n E M, Et(M.)u = M^-i^^^; 
let J^M,t,u ■ Et(M.)u denote this identification. For E M, n < u, let 

2. Action of Et on morphisms: For M and N Ai-persistence modules and / E hom(M,N), 
define Et{f) : Et(M) ^ ^^(N) by letting Et{f)u = J^^^ ° ft-Hu) ° JM,t,u for all n E M. 

We leave to the reader the easy verification that Et is in fact a functor with target i?i-mod. 
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It's clear that if M is a tame Ai-persistence module, then for any grid function t, Et(M.) 
is tame. Moreover, it's easy to check that for any grid function t and any tame Ai-persistence 
module M, Et(M.) is well behaved. 

Conversely, we have the following: 

Proposition 4.2. If M is a well behaved Bi -persistence module, then there is some tame 
Ai -persistence-module M and some grid function t such that M = Et(M.). 

Proof. Let f : Z — t- M be a grid function whose image contains the critical points of M. Let 
(M, t) denote the t-discretization of M, as defined in Section 13.3.21 M clearly is tame. We'll 
show that M = Et{M). 

For u £ R, define o-„ : Et{M)u M„ by cj„ = ipM{t o t'^{u),u) 0X4/^4 o JM,t,u- By 
definition, JM.,t,u and ^ are isomorphisms. Moreover, a simple compactness argument 
shows that since M is well behaved, ipM{to t~^{u),u) is an isomorphism. Thus cr^ is an iso- 
morphism. 

We claim that the collection of maps {cru}ueR defines an isomorphism of modules. To see 
this, we need to show that for all u,v £ R,u < v, o VEt(M){'^i "v) = fAiiu, v) o au- 

C^v ° V'Et{M){u,v) = a^o J^^^^ o ipM.{t~'^{u),t~'^{v)) o J-M,t,u 

= ipM{tot'^{v),v) oZAf,i_i-i(^) o J-M,t,v O Jm,t,v ° V'M{t'^{u),t''^{v)) o jM,t,u 
= ipM{tot~^{v),v) o'lM,t,t-^{v) ° ^M{t'^{u),t~^{v)) O jM,t,u 

= (pM{t ot^^{v),v) oIJ^,J^^^^-l^,^^ °'^M,t,t~Hv) 

o ifuit o t~'^{u),to t'^{v)) oXM,t,t-i(„) o JM,t,u 
= ipM{t o t^'^{v),v) o ip^it o t'^{u),to t~'^{v)) olM,t,t-^(u) ° JM,t,u 
= LpM{t°t'^{u),v) oXjv/,t,t-i{") °^M,t,« 
= ^m{u,v) o LpM{t°t~^{u),u) olM,t,t-i{u) ° J'M,t,u 

= ipm{u,v) o au- 

□ 

Remark 4.1. The material above can be adapted with only minor changes to the setting of 
i?„-persistence modules, where it sheds some light on the relationship between A„-persistence 
modules and i3„-persistence modules. Namely, the definitions of a well behaved persistence 
module, grid function, and the functors Et generalize to the multidimensional setting, and 
analogues of Propositions 14.11 and 14.21 hold in that setting. It can be shown that the functor 
(•) '^A„ Bn mentioned in Section 12.3.31 is naturally isomorphic to a generalized functor Ef. 
The generalization of the above material also can be used to translate algebraic results about 
A„-persistence modules into analogous results about i?„-persistence modules. For example, it 
can be used to show that any finitely presented i?„-persistence module has a free resolution of 
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length at most n-that is, an analogue of the Hilbert syzygy theorem holds for iJ^-persistence 
modules. 

However, as we have no immediate need for the generalization or its consequences in this 
paper, we omit it. 

4.2 The Structure Theorem 

First, note that for any a € K>o, k[[a, oo)] (as defined in Section [2.21) is an ideal of Bi. 

For a < & € M, let C{a,b) denote {Bi/k[[b — a, oo)])(— a); let C(a, oo) denote Bi{—a). In 
analogy to the discrete case, for fixed b (possibly infinite), the set of modules {C{a,b)\a € 
M,a < b} has a natural directed system structure; let C(— 00,6) denote the colimit of this 
directed system. 

Lemma 4.3. Let M be a well-behaved persistence module and let V be a persistence diagram, 
such that M = ©(a,fe)esupp(D) 

C(a,6)^('*'*). ThenVM = V. 

Proof. Let 

^ = {a G M|(a, b) £ supp(P) for some b£R}U{be M|(a, b) G supp(P) for some a G M}. 

Let t be a grid function such that A C im(t). We claim that ^^{Pt(M),i) = Since supp(D) G 
im(t X t), this is true if and only if T)p^(^j^-^{y, z) = V{t{y),i{z)) for all {y,z) G Z^. 

To show that Ppj(^/)(y,z) = 'D{t{y),t{z)) for all {y,z) G Z^, we'll need the following 
analogue of Lemma 13.31 

Lemma 4.4. Let M, T>, and t be as above. 



(i) For {y,z) G 



V{t{y),t{z)) 



iank{ipM {t{y), t{z - 1))) -rank{ipM{t{y),t{z))) 

- rank((^M(i(y - l),t{z - 1))) + iank{ipMitiy - l),t{z))). 



(a) For z £ Z, 



V{-oo,t{z)) 




lim Tank{LpM{t{y),t{z -I))) - lim ia-nk{ipM{t{y),t{z))). 



(Hi) For y G Z, 



V{t{y),^) 




lim Ta.-nk{ipM{t{y),t{z))) - lim Tank{ipM{t{y - l),t{z))). 



(iv) 



P(— 00, 00) 



lim lim iax]k{ipM{t{y)^t{z))). 



Proof. The proof is straightforward; we omit it. 



□ 
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For (y, z) E we have 

T^PtiM){y,z) =iank{ipp^(^M){y,z - 1)) - rank((/7p^(M)(y, ^;)) 

- rank(v3pj(M)(y - 1,^- 1)) + rank(v3pj(M)(y - 1,^;)) 
= Tank{ipMitiy),t{z - 1))) - rank((/3M(i(y),i(2))) 

- rank{ipM{t{y - l),t{z - 1))) + rank(v3M(i(y - 
= P(t(y),t(z)), 

where the first equahty follows from Lemma I3.3( i). and the last equality follows from 
Lemma I4.4f i) . 

Thus we have Vp^^^M-^d/, z) = V{i{y),i{z)) for all {y,z) G Z^. Similar arguments using 
Lemma l3.3r ii)-(iv) and Lemma l4.4( ii)-(iv) in the cases where y = —oo ox z = oo show that in 
fact this holds for (y, z) G Z^. This proves the claim. 

It follows easily from the fact that M is well behaved that A is equal to the set of critical 
values of M. There thus exists a sequence of grid functions {tijigN such that ti is a 1/2* cover 
and A C im(tj) for each i. The lemma follows by writing Vm as the limit of the persistence 
diagrams P(p^(M),t,)- □ 

Theorem 4.5. Let M he a well behaved Bi -persistence module. Let I? a/ be the persistence 
diagram of M . Then 

This decomposition of M is unique in the sense that if T> is another persistence diagram such 
that M ^ e(a,b)Gsupp(o)C(a,6)^{'^'^), then V = Vm- 

Proof. By Lemma 14.31 it's enough show that there exists some persistence diagram T> such 
that M ^ (Bia,b)esupp(v)C{a,bf^^'''\ 

By Proposition 14. 2| there exists a grid function t and a tame Ai-persistence module 
M such that Et(M.) = M. The structure theorem for tame Ai-persistence modules gives 
us that there's a persistence diagram T>m supported in such that we may take M = 
®ia,b)esnppiv^)C{a,b)^^('''''\ We'll show that M ^ e(,,,)esupp(©M)^*(C(a, We 
have that Et{C{a,b)) = C{t{a),t{b)) for any (a, 6) G Z^, so this gives the result. 

To show that M = ©(a,fe)Gsupp(DM)-^*(^(°^' ^))^'^^"'*^ '^^'^l the category theoretic char- 
acterization of direct sums of modules as coproducts [28] . Recall that in an arbitrary category, 
an object X is a coproduct of objects {X'^}a£A iff there exist morphisms {i°^ : X" X}a£A, 
called canonical injections, with the following universal property: for any object Y and mor- 
phisms {/" : — > Y}a^A, there exists a unique morphism f : X Y such that / o = /" 
for each a G A. In a category of modules over a ring R, The coproduct of modules X" is 
(BaX°'; the canonical injections are just the usual inclusions X" ^ ©q,X". The same is thus 
true for the module subcateg ories A^^-mod and -B^-mod. 

Now let {M"} denote the indecomposable summands of M in the direct sum decomposition 
M = ®(a,b)esupp{Vj^)C{a,b)^'^'^°-'''\ so that each M° = C(o,6) for some (o, 6) G Z^. Let 
{i" : M" — )• M} denote the canonical injections. 
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We'll show that the maps Et{i") : £'f(M°) — )• £'t(M) satisfy the universal property of a 
coproduct, so that M = Et{M) = ea^i(M") as desired. 

To show that the maps Et{i°') : Et(M.°') — > Et(M.) satisfy the universal property of a 
coproduct, let Y be an arbitrary i?i-persistence module and {/° : £'t(M°) — > Y} be homo- 
morphisms. 

For any z G Z, = ©^M" . It follows from the definition of Et that for any r G M, 

with the maps Et{i°')r the canonical inclusions. 

For each r G M, define fr ■ Et(M.)r — > Yr as (Bafr (i-^- fr is the map guaranteed to 
exist by the universal property of direct sums for vector spaces.) It's easy to check that the 
maps fr commute with the transition maps in Et(M.) and Y, so that they define a morphism 
/ : Et(M.) — )• Y. We also have that / o Et{i°') = for each a. By the universal property of 
direct sums of vector spaces, for each r fr is the unique linear transformation from Et{M.)r 
to Yr such that for each a, fr o Ef(i°^)r = f"- Therefore / must itself satisfy the desired 
uniqueness property. This completes the proof. □ 

5 The Equality of dj and ds on Tame 5i-persistence 
Modules 

We show in this section that the restriction of the interleaving distance to tame i?i-persistence 
modules is equal to the bottleneck distance. This shows that the interleaving distance is in 
fact a generalization of the bottleneck distance, as we want. The result is also instrumental in 
proving Corollary 16.31 our converse to the algebraic stability result of 

5.0.1 The Algebraic Stability of Persistence 

The main result of [11], generalizing considerably the earlier result of [TT], is the following: 

Theorem 5.1 (Algebraic Stability of Persistence). Let e > 0, and let M and N be two tame 
Bi-persistence modules. If M and N are e-interleaved, then dB{M,N) < e. 

5.0.2 A Converse to the Algebraic Stability of Persistence? 

In the conclusion of [ll] . the authors ask whether it's true that if M and are tame Bi- 
persistence modules with dB{M,N) = e then M and N are e-interleaved. Example 12. II shows 
that this is not true. However, Corollary 16.31 below, which follows immediately from Theo- 
rems [52] and [6Tl asserts that the result is true provided M and N are finitely presented. More 
generally, Corollarv 16.31 tells us that if M and N are tame modules with dB{M,N) = e, then 
M and are (e + 5)-interleaved for any 5 > 0. In other words, the converse of Theorem 15.11 
holds for tame modules to arbitrarily small error. 

Theorem 5.2. dB{M,N) = dj{M,N) for any tame Bi-persistence modules M and N. 
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Proof. TheoremOtells us that dsiM, N) < di{M, N), so we just need to show that dsiM, N) > 
dj{M,N). It will follow from the structure theorem for well behaved persistence modules 
(Theorem [45]) that dB{M',N') > di{M',N') for well behaved persistence modules M' and 
N' (Lemma 15.41 below) . To extend this result to arbitrary tame modules, we will approximate 
the modules M and up to arbitrarily small error in the interleaving distance by well be- 
haved persistence modules (Lemma 15.51 below). The full result will follow readily from this 
this approximation. 

Lemma 5.3. If {a,b), {a' ,b') G with \\{a,b) - (a',6')lloo < e, then C{a,b) and C{a',b') are 
e-interleaved. 

Proof. This is easy to prove; we leave the details to the reader. □ 

Lemma 5.4. If M and N are two well behaved persistence modules and dB{M,N) = e then 
di{M,N) = e. 

Proof. By stability we just need to show that dj{M,N) < e. By the structure theorem for 
well behaved persistence modules (Theorem 13. 2p . we have that 

A^ = e(a,6)esupp(©^)C(a,6)^^('^'''). 

Since dsiM' , N') = e, for any 6 > there exist persistence diagrams D'j^ and D'j^ with 
D'j^j 1^ Dm, D'j\i < Dn, and a multibijection 7 between D'j^j and D'j^ such that 

1. For any (a, b) G supp{DM - D'm) U supp(i:>Ar - D'j^), (b- a)/2 < e + 5, 

2. For any (x, y) G supp(7), \\x - y\\oo <e + 5. 

Fix such D'j^, D'j^, and 7. Now we can choose well behaved modules M',AI" C M and 
N\N" C N such that M = M' ® M" , N = N' e N", Dm' = D'^^j, D^' = D'^, Dm" = 
Dm - D'jyj, and D^" = Dn - D'^. 

If follows from Lemma [531 that for each (a, 6), (a', 6') G supp(7), C{a,b) and C{a',b') are 
(e + 5)-interleaved. We may write 

M' - e(a,fe),(a',6')6supp(7)C(«,^)"""''^'^"''''", 
N' = e(,,fe),K,5')6supp(7)C(«',ft')^""''^'^'^''''^^- 

It's clear from the form of these decompositions for M' and A^' that a choice of a pair of {e + 6)- 
interleaving homomorphisms between C{a, b) and C(a', b') for each pair (a, 6), (a', b') G supp(7) 
induces a pair of (e+5)-interleaving homomorphisms / : M' N'{e+5) and g : N' M'(e+6). 

Now we extend this pair to a pair of homomorphisms f : M N{e + 6), g : N ^ M(e + 5) 
by defining f{y) = f{y) for y G M\ f{M") = 0, g{y) = g{y) for y G N\ and g{M") = 
0. Obviously, / and g restrict to (e + (5)-interleaving homomorphisms between M' and A^'. 
Moreover, we have that S{M",2e + 6) = and S{N",2e + 5) = 0, so / and g restrict to 
(e + (5)-interleaving homomorphisms between M" and N". Thus by linearity, / and g are 
(e + (5)-interleaving homomorphisms between M and A^. Since 5 may be taken to be arbitrarily 
small, we must have dj{M,N) < e, as we wanted to show. □ 
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Lemma 5.5. For any tame Bi -persistence module M and 6 > 0, there exists a well behaved 
persistence module M' with dj(M, M') < 6. 

Proof. Let t be an (5/2-cover of M, as defined in Section 13.3.31 For any r E M, there exists 
r' E im{t), with < r' — r < 6. Define a function A : M — > im(t) such that A(r) = min{r' > 
r\r' S im{t)}. Then < A(r) — r < 5 for all r € M. 

Let M = Pt(M) (as defined in Section [3X2]) and let M' = Et{M). Then M' is well- 
behaved. We now show that M and M' are (5-inter leaved, which implies that dj{M, M') < 6. 

Define f : M ^ M'{5) to be the morphism for which 

fu : Mu M^^g = ^M'(A(u), u + 6)o J^\^^^^ o lM]t,t-^x{u)) ° "P^iu, A(n)). 

Define g : M' M{5) to be the morphism for which 

gu-- Mu+5 = ipm{Ku),u + 5) o lM^t,t-^X{u)) ° JM,t,\{u) o ^M'{u,X{u)). 

We need to check that / and g thus defined are in fact morphisms. We verify this for /; 
the verification for g is similar; we omit it. 
If It < f € M, we have 

f^oipM{u,v) = ¥'Af'(-^(^^)>^ + '5) o^M^i,A(«) °^Ai,t-MA(t^)) ° fMiv, X{v)) o ipM{u,v). (1) 
By definition, for any n < f € M, we have 

ipM'{u,v) = J^\^ o ipM{t~^{u),t~^{v)) o JM,t,u 

= '^M,t,v°^M,t,t-Hv) ° ^m{u,v) oXjvfAt-iW ° JM.,t,u- (2) 

Using ([2]) to substitute for ipM'{X{v),v + 5) in ^ and simplifying gives us: 

A, o IPm{u, v) = JM,t,v+S ° ^M^t'Hv+S) ° fM{X{v),V + 6)o (Pm{v, X{v)) o ipM{u, v) 
= -^M^v+S ° ^M,t,t-^(v+5) ° ^Miu, V + 6). 

On the other hand we have, using ^ again, 
(PM' {u + 6,v + 6) o 

= ipM>{u + 5,V + 5)o ipM>{\{u),U + 5)o Jj^l^^;^^^) o o ipM{u, \{u)) 

= ipM'{Ku).v + 6)o o 2:Ai,t-i(A(«)) ° 'PMiu, X{u)) 

= <^m\v+S ° ^llt,t-^v+5) ° fM{Ku),V + 5)o lM,t,t-HX(u)) 

o JM,t,X{u) o ^M^AH ° ^M,t,t-HX(u)) ° "PMiu, X{u)) 
= '^M,t,v+S ° ^M,t,t-Hv+5) ° fM{X{u),V + 5)o ^m{u, \{u)) 

= ^m,t,v+5 ° ^M,t,t-Hv+5) ° ^m{u, v + 5). 

Thus o ifMiu, v) = ifM'iu + 6,v + 6) o as we wanted to show. 

Finally, we need to check that g o f = S{M, 26) and f o g = S{M' , 25). We perform the 
first verification and omit the second, since the verifications are similar. 



21 



For ueM., 



Qu+S o fu = y^AtiKu + 6),U + 26) o lM,t,t-'^{X{u+5)) ° JM,t,X(u+S) 

o (pM'{u + d, X{u + 6)) o (pM'{X{u),u + 6)0 JjviAAH ° ^Ai,i-i(A(«)) ° 'PMiu, X{u)) 
= ipm{X{u + 6),u + 26) oXj\/^t^t-i(A(„+5)) o Jmaa(m+5) 
o (^M'(A(u), A(n + (5)) o Jj^l^^^^^^ o o (^A^(n, ^ 

Using ([2]) once again, we have that this last expression is equal to 

ipM{X{u + 6),U + 26) o lM,t,t-HXiu+S)) ° JmaHu+S) ° JM,tMu+S] ° ^M,t,t-HX{u+5)) 

o99M(A(u),A(n + (5)) oZM,t,i-i(A(«)) ° ^M,t,x{u) ° ^M,t,xi^^) ° ^M,t,t~HX{u)) °^m{u,X{u)) 
= ipm{X{u + 6),u + 26) o lpm{X{u),X{u + 6)) o lpm{u,X{u)) 

= ipM{u,u + 26). □ 

Now we can complete the proof of Theorem 15.21 As mentioned above, by Theorem 15.11 it 
suffices to show di{M,N) < dB{M,N). Say dB{M,N) = e. Choose 6 > 0. By Lemma [531 
there exist well behaved modules M', N' with di{M,M') < 6, di{N,N') < 6. Then by 
TheoremEU dsiM, M') < 6, dsiN, N') < 6, so by the triangle inequality, dsiM', N') < e+26. 
By Lemma 15.41 di{M' , N') < e + 26. Applying the triangle inequality again, we get that 
dj{M, N) < e + 46. As 6 may be taken to be arbitrarily small, we have di{M, N) < e, which 
completes the proof. □ 

6 dj Restricts to a Metric on Finitely Presented Bn- 
persistence Modules 

We now show that for finitely presented -Bn-modules M and N, if dj{M,N) = e then M and 
A*" are e-inter leaved. This implies that the restriction of dj to finitely presented persistence 
modules is a metric and, as noted in Section [5l yields a converse to the algebraic stability of 
persistence for finitely presented Si-persistence modules. Theorem 16.11 will also be of some 
use to us in Section [TTJ 

Theorem 6.1. If M and N are finitely presented Bn-modules and di{M,N) = e then M and 
N are e-interleaved. 

Corollary 6.2. di is a metric on finitely presented Bn-modules. 

Corollary 6.3 (Converse to Algebraic Stability). 

(i) If M and N are finitely presented Bi-persistence modules and dsiM, N) = e then M and 
N are e-interleaved. 

(a) If M and N are tame Bi -persistence modules and dB{M,N) = e then M and N are 
(e + 6) -interleaved for any 6 > 0. 
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Proof, (ii) follows directly from Theorem 15. 2i (i) is immediate from that theorem and Theo- 
rem [6lT] □ 



For a finitely presented i?„-persistence module M, let Um C M" be the set of grades of 
the generators and relations in a minimal presentation for M. Let U\j C M be the set of i*'' 
coordinates of the elements of Um- 

Proof of Theorem \6.1[ 

Lemma 6.4. If M is a finitely presented Bn-persistence module then for any a <h ^ such 
that {ai, bi] fl C/|^ = for all i, ipM{cL, b) is an isomorphism. 

Proof. This is straightforward; we omit the details. □ 

Lemma 6.5. If M is a finitely presented Bn-persistence module then for any y E M", there 
exists r G IR>o such that fMiu, U + 1"') is an isomorphism for all < r' < r. 

Proof. This is an immediate consequence of Lemma 16. 4i □ 

For a finitely presented i?„-persistence module M, let //a/ : M" n"^j^C/|^ be defined by 
//j\/(ai, ...,an) = (a'l, ...,a^), where a- is the largest element of C/^ such that a'^ < aj, if such 
an element exists, and a[ = — oo otherwise. 

Lemma 6.6. For any finitely presented B^-module M and any y G M" with flMiv) £ 1^"; we 
have that (pM{flM{y)^y) is an isomorphism. 

Proof. This too is an immediate consequence of Lemma 16.41 □ 

Having stated these preliminary results, we proceed with the proof of Theorem 16.11 By 
Lemma 16.51 and the finiteness of Um and Un, there exists (5 > such that for all z € Um-, 
lPn{z + e,z + e + 5) and ^puiz + 2e,z + 2e + 25) are isomorphisms, and for all z G Un, 
(fMiz + e, z + e + 5) and (/?Ar(z + 2e, z + 2e + 25) are isomorphisms. 

By Remark 12. H since di{M,N) = e, M and N are (e + (5)-inter leaved. 

Theorem 16.11 then follows from the following lemma, which will also be the key ingredient 
in the proof of Proposition 111.71 

Lemma 6.7. Let M and N be finitely presented Bn-persistence modules and let e > and 
5 > be such that 

1. M and N are e + 5 -interleaved, 

2. for all z G Um, Vn{z + e, z + e + 5) and (fMiz + 2e, z + 2e + 25) are isomorphisms, 

3. for all z £ Un, ^m{z + e, z + e -\- 5) and (Pn{z + 2e, z + 2e + 25) are isomorphisms. 

Then M and N are e-interleaved. 

Proof. Let f : M ^ N{e + 5) and g : N ^ M{e + 5) be interleaving homomorphisms. 

We define e-interleaving homomorphisms f : M ^ ^{^) and g : N ^ M{e) via their action 
on homogeneous summands. First, for z G Um define fz = 'P]^^{z -\- e, z -\- e + 5) o f^. Then 
for arbitrary z G M" such that fhliz) G define fz = ^N^fhliz) + e, z + e) o ffi^j(z) ° 
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ip^j{flM{z),z). (Note that Lpf^j{flM{z), z) is well defined by Lemma [6T6l ) Finally, for z G M" 
s.t. flM{z) M", define A = 0. (If flM{z) ^ M" then = 0, so this last part of the 
definition is reasonable.) 

Symmetrically, for z S Un define gz = f]^} {z + e, z + e + 5) o g^. For arbitrary z € such 
that flNiz) e M" define g^ = ^M{flN{z) + e, z + e) o gfij^{^z) ° ^N^{flN{z), z). For z s.t. 
flN{z) ^M", define 5^ = 0. 

We need to check that f,g as thus defined are in fact morphisms. We perform the check 
for /; the check for g is the same. 

If y € M" is such that fluiy) IR", then since My = 0, it's clear that fz o ipMiy,z) = 
^N{y + e,z + e) o fy. 

For y < z G M" such that fhtiy) G M", 

fz o ^M{y, z) = (fNifhiiz) + e,z + e)o ffi^^(^z) ° Vllifhiiz), z) o ifuiy, z) 

= ^Nifhiiz) + e, z + e) o ip]^^{flM{z) + e, flM{z) + e + 6) o fji^^i^z) 

° fAdif^Miz), z) o ipM{y, z) 

= VNifhiiz) + e, z + e) o Lp'^^{flM{z) + e, /^a/ (z) + e + 5) o ffi^^j^z) 

° 'PM(.flM{y),flM{z)) o ipi}{flM{y),y) 

= VNifhiiz) + e,z + e) o ip]^^{flpi{z) + ejhiiz) + e + S) 
o (PNifhiiy) + e + 5, fhi{z) + e + 6)o ffij^ji^y) o (pl}^{flM{y),y) 

= ^N{y + e, z + e) o cpNifhiiy) + e, y + e) 
o ^N^{fhi{y) + ejhiiy) + e + 6)o ffi^j(jj) o ^'^}{flM{y),y) 

= ^N{y + e,z + e) o fy 

as desired. 

To finish the proof, we need to check that g o f = S{M,2e) and f o g = S{N,2e). We 
perform the first check; the second check is the same. 

For z G M."^, if flniz) M."^ then since Mz = 0, gz+e ° fz = = ipm{z, z + 2e). 

To show that the result also holds for z such that flhiiz) G M", we'll begin by verifying 
the result for z G C/m- We'll use this special case in proving the result for arbitrary z G M" 
such that fhiiz) G M". 

If z G Um then, by assumption, (Pm{z + 2e, z + 2e + 25) is an isomorphism. Thus, to show 
that cjz+e ° fz = ^m{z, z + 2e), it suffices to show that ^m{z + 2e, z + 2e + 25) o gz+e ° fz = 
(pMiz,z + 2e + 25). 

For z G Um , '^e have 

9z+e o fz = VM{flN{z + e) + e,z + 2e) o^j,^(^+^) o (^^^(//^^(z + e), z + e) o 

= ^M{flN{z + e) + e,z + 2e) o ip]J{flN{z + e) + e, //Ar(z + e) + e + 5) o yy;^(^+^) 

oV']^^(/^Af(^ + e),^ + e) 0/2 
= ^M{flN{z + e) + e, z + 2e) o ipjJ{flN{z + e) + e, //Ar(z + e) + e + 5) o gfi^(z+e) 
°^N^{flN{z + e),z + e) o ip-^{z + e,z + e + 5) o fz. 
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Thus 



ipM{z + 2e,z + 2e + 26) o o 

= ifMiz + 2e,z + 2e + 6)o ipM{flN{z + e) + e, z + 2e) o ^-Jifl^iz + e) + e, flN{z + e) + e + 6) 

ogfit,(z+e) ° Vj/'ifiNiz + e),z + e) o ip^^{z + e, z + e + 6) o 
= ipM{z + 2e + 5, z + 2e + 2(5) o ipuiflNiz + e) + e + 6, z + 2e + 6) 

°9fiNiz+e) ° ^fN^if^Niz + e),z + e) o ip-^^{z + e,z + e + 6)o 
= ^m{z + 2e + 5,z + 2e + 28) o g^+^ o ipN{flN{z + e),z + e) 

o ^j/'iflNiz + e), z + e) o ip^^{z + e, z + e + 6) o 
= 9z+e+5 o ^n{z + e,z + e + 5) o (p^^{z + e,z + € + 5) o 

= 9z+e+5 ° fz 

= (p{z,z + 2e + 26) 
as desired. 

Finally, for arbitrary z € M" such that fluiz) M", we have, using that ^ is a morphism, 

9z+e o fz = ^M{flN{z + e) + e, z + 2e) o gji^^z+e) 

° ^N^U^Niz + €),z + e)o ifNifhiiz) + e,z + e)o f fij^j{z) ° fll{fhi{z), z) 
= gz+e ° ^N{flN{z + e), z + e) o Lp'^^{fljq{z + e), z + e) 

o 'PNifhiiz) + e, z + e) o o ip-^{flM{z), z) 

= gz+e o VNifhliz) + e, Z + e) o //,^^(^) o ipJ^^{flM{z), z) 

= Vuifluiz) + 2e, z + 2e) o gfij^j(z)+e ° ffhtiz) ° 'fliUhiiz), z) 

= V>M{flM{z) + 2e,z + 2e) o ipMifhiiz), fluiz) + 2e) o ip^}{flMiz), z) 

= lpm{z,z + 2e) 

as we wanted. □ 

This completes the proof of Theorem 16. 1[ □ 

Remark 6.1. As noted in Remark 14. H the notion of a well behaved persistence module admits 
a generalization to the multi-dimensional setting. An interesting question is whether Theo- 
rem [6TT] generalizes to well behaved multidimensional persistence modules; if it does, then we 
obtain corresponding generalizations of Corollaries 16.21 and l6.3[ Our proof of Theorem 16. 1 1 does 
not generalize directly. 



7 Geometric Preliminaries 

7.1 CW-complexes and Cellular homology 

Our proof of the optimality of the interleaving distance will involve the construction of CW- 
complexes and the computation of their cellular homology. We now briefly review finite di- 
mensional CW-complexes and cellular homology. 
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7.1.1 Definition of a Finite-dimensional CW-complex 

A CW-complex is a topological space X together with some additional data of attaching maps 
specifying how X is assembled as the union of open disks of various dimensions. We quote the 
procedural definition of a finite-dimensional CW-complex given in [27] . 

Let Z?* denote the unit disk in M*; for a contained in some indexing set (which will often 
be implicit in our notation) let be a copy of D'. When i is clear from context, we will 
sometimes denote D]^ simply as Da- 

A finite-dimensional CW-complex is a space X constructed in the following way: 

1. Start with a discrete set X^ , the 0-cells of X. 

2. Inductively, form the i-skeleton of X* from by attaching z-cells ej^ via maps '■ 
S*"^ — )• This means that X' is the quotient space of IIq under the 
identifications x ^ CTa{x) for x € The cell is the homeomorphic image of 

— under the quotient map. 

3. X = X^ for some r. We call the smallest such r the dimension of X. 

The characteristic map of the cell ej^ is the map : — )• X which is the composition 
^ X^~^ Ua -Dq X'^ ^ X, where the middle map is the quotient map defining X\ 
A suhcomplex of a CW-complex X is a closed subspace Aoi X which is a union of the cells 

of X] those cells contained in A are taken to have the same attaching maps as they do in X. 

7.1.2 Cellular Homology 

We mention only what we need about cellular homology to prove Theorem 110.11 For a more 
complete discussion and proofs of the results stated here, see e.g. [27] or [2]. 

For i G Z>o, we'll let Hi denote the i*'* singular homology functor with coefficients in the 
field k. 

For X a CW-complex and i G N, let df : Hi{X\X^-^) Hi^i{X^-^ , X^-"^) denote the 
map induced by the boundary map in the long exact sequence of the pair It can 

be checked that the df give 

Hi{X\X'-^) % Hi^i{X'-\X'-^) Ho{X^) ^ 

the structure of a chain complex, and that the i^^ homology vector space of this chain complex, 
denoted Hf^{X), is isomorphic to Hi{X). 

It can be shown that a choice of generator for Hi{D'^, 5*"^) = Z induces a choice of basis for 
whose elements correspond bijectively to the z-cells of X. We now fix a choice 
of generator Hi{D^ , S^~^) for each i We can then think of Hi(X'^,X^ ^) as the /c-vector 

space generated by the i-cells of X. 

It follows from the equality H^^ (X) = Hq{X) that in the case that X has a single 0-cell, 
df =0. 

For i > 1, the cellular boundary formula gives an explicit expression for df . To prepare 
for the formula, we note first that for z G N, the choice of generator for Hi{D^, S^^^) induces a 

■^Such a choice is induced e.g. by the standard orientation on D^. 
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choice of generator Oj for Hi{D^ / S"^^"^) via the quotient map D^/S^^^. Also, the choice of 

generator for Hi^i{D^^^ , 5*) induces a choice of generator 6j for Hi{S^) via the boundary map 
in the long exact sequence of the pair (D*^"*^, 5*). For each i E N, choose /?* : D'^/S^~^ to 
be any homeomorphism such that : Hi{D^ / S^~^) Hi{S^) sends a, to hi. 

For i G N and an z-cell of X, let {e^^Y denote the compliment of in X*, and let 
: X* — )• XY(e^)'^ denote the quotient map. p' and <^/3 induce an identification of (^/^(X*) 
with S\ 

By a compactness argument \n\ Section A.l], for any i-cell the image of the attaching 
map (Ta of meets only finitely many cells. 

For i > 1, the cellular boundary formula states that 

im{(7c<)Ue^"V0 

Here, for any map / : S**"^ — > 5'"^, deg(/) denotes the field element a G k such that : 
Hi^i{S'^^^) — Hi^i{S^^^) is multiplication by a. 

We can endow the set of CW-complexes with the structure of a category by taking hom(X, Y) 
for CW-complexes X,Y to be the set of continuous maps f : X Y such that f{X^) C Y^ 
for all i. We call maps / G hom(X, y) cellular maps. It can be shown that a cellular map / 
induces a map Hf^{f) : Hf'^{X) Hf^{Y) in such a way that Hf^ becomes a functor. 

Further, there exists a natural isomorphism [28J k : Hi, where Hi is the restriction 

of Hi to the category of CW-complexes. 

7.2 Filtrations 

Fix n € N. 

Define an n-filtration X to be a collection of topological spaces {Xa}aeR" , together with 
a collection of continuous injections {(pxio-, b) : Xa — > -^b}a<feGM" such that if a < 6 < c G M" 
then (pxib, c) o (j)x{o--, b) = (pxia, c). Given two n-filtrations X and Y, we define a morphism / 
from X to y to be a collection of continuous functions {/ajaeK" • Xa — > l^a such that for all 
a < b £ M", fb o (j)x{a,b) = (/)y(a,6) o /„. This definition of morphism gives the n-filtrations 
the structure of a category. Let n-filt denote this category. 

Define a cellular n- filtration to be a collection of CW-complexes {Xa}aeR", together with 
inclusions of subcomplexes {(pxia, b) : Xa — > Xb}a<bi=R^- Given two cellular n-filtrations X and 
Y, we define a morphism / from X to y to be a collection of cellular maps {/a}aeK" : Xa — > Ya 
such that for all a < 6 G M", o (j)x{a,b) = (/>y(a, 6) o fa. This definition of morphism gives 
the cellular n-filtrations the structure of a category. 

Simplicial n-filtrations can be defined analogously. 

7.3 Multidimensional Persistent Homology 

The multidimensional persistent homology functor Hi is a generalization of the ordinary ho- 
mology functor with field coefficients to the setting where the source is an n-filtration and the 
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target is a S^-module. We first present a definition of the singular multidimensional persistent 
homology functor; we introduce cellular multidimensional persistent homology below. 

7.3.1 Singular Multidimensional Persistent Homology 

For a topological space X and j G Z>o, let Cj{X) denote the singular chain module of 
X, with coefficients in k. For X, Y topological spaces and / : X — > y a continuous map, let 
: Cj(X) — > Cj{Y) denote the map induced by /. 

For X an n-filtration, define Cj{X), the j^^ singular chain module of X, as the 
persistence module for which Cj{X)u = Cj{Xu) for all u E M" and for which ip(j.^x)iu,v) = 

jj 

(jr^{u,v). Note that for any j E Z>o, the collection of boundary maps {6j : Cj{Xu) 
Cj-.i{Xu)}u£R" induces a boundary map 6j : Cj{X) — )• Cj-i{X). These boundary maps 
give {Cj{X)}j>o the structure of a chain complex. We define the Hj{X), the j^^ persis- 
tent homology module of X, to be the j^^ homology module of this complex. For X and 
Y two n-filtrations, a morphism / E hom(X, 1") induces in the obvious way a morphism 
Hj{f) : Hj{X) Hj(Y), making Hj : n-filt^ i?„-mod a functor. 

7.3.2 Cellular Multidimensional Persistent Homology 

A construction analogous to the one above, with cellular chain complexes used in place of sin- 
gular chain complexes, yields a definition of the cellular multidimensional persistent homology 
of cellular n-filtrations. For a cellular filtration X, let Cj"^{X) denote the j^^ cellular chain 
module of X, let 6f^ : Cf^{X) Cf^{X) denote the cehular chain map of X, and let 
Hj''^{X) denote the j^^ cellular multidimensional persistence module of X. 

Remark 7.1. It follows from the naturality of the isomorphisms between singular and cellular 
homology that the singular and cellular multidimensional persistent homology modules of a 
cellular n-filtration are isomorphic. 

7.4 Functors from Geometric Categories to Categories of n- 
fi It rat ions 

In a typical application of persistent homology, one has some geometric^ category of interest 
and a functor F from that category to n-filt; one then studies and works with the functors 
HioF. This composite functor is also generally referred to an i^^ persistent homology functor, 
and there are a number of different such i^^ persistent homology functors with different sources, 
each determined by a different choice of the functor F. 

We next examine several examples of functors F : C n-filt, where C is some geometric 
category. These will prove important to us in Section [9l where we will formulate definitions of 
optimality of psuedometrics on B„-persistence modules in a way which depends on a choice of 
F and a metric on obj*(C). 

In the following examples, we omit the specification of the action of these functors on 
morphisms. This should be clear from context. 

"^We are using the word "geometric" here in an informal-and rather broad-sense. 
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Example 7.1. Sublevelset Filtrations 

Let be the category defined as follows: 

1. Objects of are pairs (X, /), where X is a topological space and / = (/i, /„) : X 
M" is a function. 

2. If {XJ),{X,f) G obj(C'5(n)), then we define hom^^s ((X, /), (X', /')) to be the set of 
functions 7 : X — > X' such that /(x) > f'{'y{x)) for all x & X. 

For X a topological space, let C'^ denote the subcategory of C'^ whose objects are pairs of the 
form {X, /). 

For a = {ai,..,an) G M", let Xa = n'l^ J r'^ {{-00, ai]). If a, 6 G M" with a < b, then 
C Xf). Thus the collection of subsets {Xr}rGR" is an n-filtration. We call the functor which 
maps the pair {X, f) to this n-filtration the sublevelset filtration functor, and denote it . 
This functor has previously been considered in ^10] , 

Example 7.2. Sublevelset-Offset Filtrations 

Let C^^ be the category defined as follows: 

1. Objects of C^^ are triplets (X, d, /), where {X, d) is a metric space and / : X — )■ M" is 
a function. 

2. If {X,d,f),{X',d',f') G obj(C7^^), then we define homcso{{X, dj), {X' , d' , f')) to be 
the set of functions 7 : X — )• X' such that /(x) > /'(7(a;)) for all x G X and d{x,y) > 
d'(7(x), 7(2/)) for all x,y G X. 

For X a topological space, let C^*^ denote the subcategory of C^'^ consisting of triplets of the 
form {X,d,f). 

For a G M, 6 G M" let Xa be defined as in ExampleEU and let Xf^^fi) = {x e X\d{x, Xa) < 
b}. If (a, 6) < (c,d) G M" X M = M"+i, then X(^a,b) C Thus the collection of subsets 

{X((j,6)}(a,6)gR"xR is an (n + l)-filtration. We call the functor which maps the triple {X,d,f) 
to this (n + l)-filtration the sublevelset-offset filtration functor, and denote it F^^. 

It appears that the functor F^'-^ has not previously been considered in the computational 
topology literature. However, it is an easy common generalization of the 1-dimensional filtra- 
tions considered for example in [IT] and |15] . 

By taking the metric information into account, the functor F^*-^ encodes more nuanced 
information about the topography of the functions on metric spaces than the functor F^ does. 
For instance, when (X, d) is with the Euclidean metric, and / : — )• M is a function. 
Hi o F^^{X, d, f) encodes information about the width and shape of topographical features of 
the graph of / that Hi o F^{X, f) would not capture. 

Example 7.3. Sublevelset-Rips Filtrations 

Let C^^ be the subcategory of C^'^ whose objects are triples (X, d, /), where X is a finite 
metric space. 

Given a finite metric space (X, d), and b G M>o, let R{X, d, 6), denote the Rips complex of 
{X,d) with parameter 5 [l2]. If 6 < 0, let R{X,d,b) = R{X,d,0). 
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Given {X, d, f) G ohi{C^^), let X„ be defined as in Example l7.1l and let da be the restriction 
of d to Xa X Xa- Now for a, 6 G M, let X(^a,b) = R{Xa, da,h). 

If (a, 6) < (c, d) G M" X M then C so the collection of subsets {-^(a,6)}(a,6)eM"xM 

is an (n + l)-filtration. We call the functor which maps the triple (X, d, /) to this {n + 1)- 
filtration the suhlev els et- Rips filtration functor, and denote it F^^. 

This functor has previously been considered (in the case n = 1) in [8]. 

7.5 Metrics on Geometric Categories 

We now define metrics on the isomorphism classes of objects of the geometric categories we 
defined in the last section. 

Let X be a topological space. 

7.5.1 A Metric on obj*((:7|) 

We define a metric d^^ on obj*(C|) by taking ((X, /i), {X, /2)) = sup^g^ ||/i(a;) -/2(a;)||oo• 
7.5.2 A Metric on oWfiC^^) 
We define a metric d^ on obj*(C^'^) by taking 

dx{{X,diJi), {X,d2,f2)) = max(sup i|/i(x) - /2(x)||oo, sup \di{xi,X2) - d2{xi,X2)\). 
7.5.3 A Metric on oh]*{C'^^) 

Generalizing in a mild way a definition of |12j . we define a metric d^^ on obj*(C'^''^). (In fact, 

this definition extends to the subcategory of C^'^ whose objects are the triplets {X,dx, fx) 

with X compact, but we won't need the extra generality here.) For fx, fy = 0, d^^{{X, dx, fx), {X, dx, fx)) 

will be equal to the Gromov-Hausdorff metric |12j . 

To define d^-^, we need some preliminary definitions and notation. Define a correspondence 
between two sets X and y to be a subset C & XxY such that ^x £ X , 3y £ Y such (x, y) G C, 
and \fy £ Y , 3x € X s.t. {x,y) G C. Let C{X,Y) denote the set of correspondences between 
X and Y. 

For {X, dxJx), (y, dy , /y) G C^^, define Fx.y : X x y x X x y ^ R>o by 

rx,y(a;,y,a;',y') = \dx{x,x') - dY{y,y')\. 

For C G C{X,Y), define Tc as sup(^^y-^ (^^, y,-^^(jTx,Yi^,y,^',y'), ^'^d define \ fx — /y|c to be 
^'^P(x,y)£C \\fx{x) — /y(y)||oo- Informally, Tc is the maximum distortion of the metrics under 
the correspondence C, and \ fx — /y |c is the maximum distortion of the functions under C. 
Now define we define d^^ by taking 

d^^((X,dx,/x),(y,dy,/y)) = inf max(irc7, |/x - /y|c). 

ceC(x,Y) 2 
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7.6 Stability Results for Ordinary Persistence 

There are two main geometric stability results for ordinary persistence in the literature. 
(Though see also the generalization [5]) Each is a consequence of the algebraic stability of 
persistence [TT] . 

Theorem 7.1 (1-D Stability Result for [H])- For any i G Z>o, topological space X , and 
functions /i, /2 : X — )• M such that Hi o F^{X, /i) and Hi o F^{X, f2) are tame, 

dsiHi o F^{X, /i), Hi o F^{X, h)) < 4((^, fi), (X, h))- 

For a 2-D filtration F, let diag(i^) denote the 1-D filtration for which diag(-F)a = ^(a,a)- 

Theorem 7.2 (1-D Stability Result for C^^ [12J). For finite metric spaces {X,dx),{Y,dY) 
and functions fx'-X^M.jfy'-Y^M., 

dB{H^ o diag(F^^(X, dx,fx)),Hi o diag(F^^(y, , /y))) < d^^((X, dxjx), {Y, dy, fv)). 

We'll see in Section [8] that both of these results admit generalizations to the setting of 
multidimensional persistence in terms of the interleaving metric. 

8 Stability Properties of the Interleaving Distance 

In this section, we observe that multidimensional persistent homology is stable with respect to 
the interleaving distance in three senses senses analogous to those in which ordinary persistent 
homology is known to be stable. As noted in the introduction, there is not much mathematical 
work to do here. Nevertheless, these observations are significant not only because they show 
that the interleaving distance is in certain respects a well behaved distance, but also because 
stability is closely related to the optimality of distances on persistence modules as we define 
it in Section [9l insofar as we wish to understand the optimality properties of the interleaving 
distance, the stability properties of the interleaving distance are of interest. 
As before, fix n E N. 

8.1 Multidimensional Persistence Stability Result 1 

Theorem 8.1. For any topological space X and pairs (X, /i), (X, /2) € obj{Cx) we have, for 
any i E Z>q, 

di{H, o F^{X, fi),Hi o F^(X, /2)) < 4((^, /i), (X, /2)). 

The case n = 1 is Theorem 17. li 

Proof Let 4((X, /i), (X, /2)) = e. Then for any u G M", F5(X,/i)„ C F^{X,f2)u+e and 
F^ {X, f2)u C F^ {X, fi)u+e- The images of these inclusions under the i^^ singular homology 
functor define e-inter leaving morphisms between Hi o F^{X,fi) and Hi o F^ {X, f2). Thus 
di{Hi o F^{X, fi),Hi o F^{X, /2)) < e as needed. □ 
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8.2 Multidimensional Persistence Stability Result 2 

Theorem 8.2. For any topological space X and triples (X, di, /i), (X, ^2, /2) G obj{CfP) we 
have, for any i G Z>o, 

Proof. This is similar to proof of the previous resuh. d^^ {{X , di , fi) , {X,d2, f2)) = £• Then 
for any n € M« and r G R, /i C F^O(X, /s) and /2)(„,r) C 

F^'^ {X, fi)(^^^^^^^^y The result now follows via the same argument given in the proof of 
Theorem 18.11 □ 

8.3 Multidimensional Persistence Stability Result 3 

Theorem 8.3. For {X, dx , fx), {^^ dr , fy) G ohi{C^^) we have, for any i € ^>o, 

di{H, o dxJx),Hi o F^«(y, dyjY)) < d^^'HX, dxjx), (Y, dyjY)). 

The proof of this is a very minor modification of the argument given in |12] to prove 
Theorem 17.21 

Note that Theorem [83] implies Theorem [721 When n = 1, if o F^^{X,dx,fx) and 
Hi o F^^{Y,dY,fY) are e- inter leaved, for e G M>o, then Hi o disig{F^^{X , dx , fx)) and Hi o 
diag{F^ ^ {¥, dy , fy)) are e-interleaved. 

9 Optimal Pseudometrics 

In this section we introduce a relative notion of optimality of pseudometrics on persistence 
modules and their discrete invariants. This relative notion of optimality is quite general and 
specializes to a number of different notions of optimality of psuedometrics of interest in the 
context of multidimensional persistence. 

We also present some first theoretical observations about optimal pseudometrics. We'll 
exploit these in Section [THi to prove our optimality result for the interleaving distance. 

9.1 A General Definition of Optimal Pseudometrics 

Let y be a set. We define a relative structure on y to be a triple 7Z = (T, Xj-, f-j-), where 
T is a set, Xj- = {{Xg, ds)}s£T is a collection of pseudometric spaces indexed by T, and 
fj- = {fs ■ Xs —5- Y}s£T is a collection of functions. Let im(/7-) = Usgrim(/s)- 

If y is a set and TZ = (7~, X-j-, /t) is a relative structure on Y, we say a semi-pseudometric 
d on y is 7^-stable if for every s & T and xi,X2 € Xs we have d{fs{xi), fs{x2)) < ds{xi,X2). 

We say a pseudometric d on y is 7^-optimal if d is 7^-stable, and for every other 7^-stable 
pseudometric d' on Y, we have d'{yi,y2) < d{yi,y2) for all yi,y2 € im(/7-). 

The following lemma is immediate, but important to understanding our definition of TZ- 
optimality. 
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Lemma 9.1. An TZ-stable pseudometric d is TZ-optimal iff for any other TZ-stable pseudometric 
d' , s £T, and xi,X2 £ Xs, 

\dsixi,X2) - d{fsixi), fsix2))\ < \dsixi,X2) - d'{f sixi), fsix2))\- 

Note that if an 7^-optimal pseudometric d on y exists, its restriction to im{f-f-) x im^f-j-) 
is unique. 

9.2 Examples 

Here we give several examples of sets Y and relative structures (T, X-j-, fj-) on Y for which it 
would be interesting or useful from the standpoint of the theory and application of multidi- 
mensional persistent homology to identify an 7^-optimal pseudometric. In Section [10] we will 
focus exclusively on the relative structures of Examples 19.11 and 19. 2t we leave it to future work 
to investigate in detail the optimality of pseudometrics with respect to the relative structures 
of Examples lOM 

For examples 19.1119.51 let Y = obj*(i?„-mod). 

Example 9.1. Let TZi = (T , X-j- , f-j-) , where T is the set of pairs {(T,i)\T is a topologi- 
cal space, i G Z>o}, Xf^^^) = obj*(Cy) for {T,z) G T, d(T,i) = ^^f' ^^'^ f{T,i) is given by 
fiTd^,g)=H^oF^{T,g). 

Remark 9.1. By Lemma 19.11 an T^i-stable pseudometric d is T^i-optimal iff for any other 
7^1-stable pseudometric d' , any {T,i) € T, and any {T,gi), (T, 32) £ ^(T,i)) 

|4((r, gi), (T, 92)) - d{H, o F'{T, g^), H, o f'{T, 52))! 
<\dU{T,gi), {T,g2)) - d'{Hi o F^{T,g^),H, o F^{T,g2))\. 

This says that an T^i-optimal psuedometric is one for which the Loo distance between any 
two functions defined on the same topological space is preserved under the multidimensional 
persistent homology functor as faithfully as is possible for any choice of T^i-stable psuedometric 
on obj*(i?n-mod). 

For the relative structures IZ in the rest of the examples below, 7?--optimality has an inter- 
pretation by way of Lemma 19.11 analogous to that of Remark 19.11 

Example 9.2. For i G Z>o, let TZi^i = {T,X-j-, f-j-), where T is the set of topological spaces, 
Xt = obj*(C|) for TGT,dT = 4, and fr is given by /t(T, 5) = Hi o F^(r,g). 

Since the definitions of TZi and TZi^i are similar, one might expect that that there's a 
relationship between T^i-optimality and T^i.j-optimality. Corollary 110.21 establishes such a 
relationship in the cases fc = Q and k = TLjpTL for some prime p. 

Example 9.3. Let T be the set of pairs {(T, f)[T is a topological space, i € Z>o}i ^(T,j) = 
obj*(C|0) for (r,z) G r, (^(T,^) = 4^, and /(t,^) be given by /(t,^) (T, d, 5) = o (T, d, 5) . 

Example 9.4. Let T be the singleton set {s}. Let Xs = obj*(C'^^), dg = d^^, and fs be 
given by /.(T, d, g)=HiO F^^{T, d, g). 
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Example 9.5. We can present variants of examples 19.31 and 19.41 where we only consider 
homology in a single dimension, in the same way we did for Example 19.11 in Example 19.21 

Example 9.6. Let W : obj*(i?„-mod) ^ y be a discrete invariant [8j with values in a set 
Y, let {T, X-J-, f^) be any relative structure on obj*(-B„-mod), and let fT = Wo flj-. Then 
(T, X-J-, f-j-) is a relative structure on W. 

For example, we can take W to be the rank invariant [8] and (T, X-j-, fj-) to be the relative 
structure of Example 19.11 

9.3 Induced Semi-Pseudometrics and a Condition for the Ex- 
istence of Optimal Pseudometrics 

We'll see here that a relative structure TZ = (T, Xf, fj-) on a set Y induces a semi-pseudometric 
d-ji on im(/7-) with a nice property. 
For yi,y2 G im(/r), let 

^(yi,y2) = {is,xi,x2)\s eT,xi £ Xs,x2 g X^Jsi^i) = yijs{x2) = 2/2}- 

Now define d-jid/i, 1/2) = inf(g .j,^ .j,2)gA(j/i,j/2) dsixi,X2)- d-ji is an 7^-stable semi-pseudometric. 
In general it needn't satisfy the triangle inequality. However, if T is a singleton set, as for 
instance in Example 19.41 then d-ji does satisfy the triangle inequality and is a pseudometric. 

Lemma 9.2. for any TZ-stahle pseudometric d on im{f']-), d < d-ji. In particular, if d-ji is a 
pseudometric, it is TZ-optimal. 

Proof. Let d be an 7^-stable pseudometric on im(/7-). Since d is 7^-stable, 1/2) < ds{xi,X2) 
for ah (s,xi,X2) € ^(7/1,^2)- Thus d{yi,y2) < ini (^^^^^^^^^(z A{y^, y^) ds{xi, X2) = ^7^(2/1, 2/2)- □ 

It's easy to see that a pseudometric d on im(/7-) can be extended (non-uniquely) to a metric 
on Y; if d is 7^-optimal then, by definition, any extension to a pseudometric on Y is as well. 
Thus by the Lemma 19.21 if d-ji is a pseudometric, then an 7^-optimal pseudometric exists on 
Y; its restriction to im(/7-) is d-ji. It follows, for example, that for TZ as in Example 19.41 an 
7^-optimal metric exists. 

In Section [TU[ we'll show that for Y = obj*(i3„-mod), i £ N, and k = Q 01 k = TLjpTL 
for some prime p, the restriction of dj to the domain of d-ji^ . is equal to d-^^ -, so that di is 
T^i^j-optimal. It will follow easily that di is also T^i-optimal. 

10 Optimality of The Interleaving Distance (Rela- 
tive to Sublevelset Persistence) 

10.1 Summary of Results 

The central result of this section is the following theorem: 

Theorem 10.1. For k = Q or TLjpTL for some prime p, and i (zN, dj is TZi^i- optimal. 
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This theorem also yields the following weaker optimality result, which has aesthetic advan- 
tage of not depending in its formulation on a choice of homology dimension. 

Corollary 10.2. For k = Q or 'Lj'pL for some prime p, dj is TZi-optimal. 

We also present variants of Theorems 110.11 and 110.21 for well behaved Si-persistence mod- 
ules which hold for arbitrary fields k; these are given as Theorem 110.61 Our analogue of 
Theorem 110. II for well behaved -Bi-persistence modules holds for i € Z>o. 

As an intermediate step in our proof of Theorem 110. 1|, we prove Theorem 110.71 which 
we believe to be of independent interest. Theorem 110.71 gives a condition equivalent to the 
existence of e-interleaving homomorphisms between two persistence modules. It expresses 
transparently the sense in which e-interleaved persistence modules are algebraically similar. 



10.2 Proofs 

Proof of Theorem \10.1\ Fix /c = Q or A; = "L/pX, for some prime p. For i S Z>o, Lemma 19.21 
implies that to prove that di is T^i^j-optimal, it's enough to show that the restriction of di to 
the domain of d-ji^ ^ is equal to d-jz^ ^ . We show that for i G N, this follows from the following 
proposition. 

Proposition 10.3. Let k = Q or k = Z/pZ for some prime p. If i & N, and M and N 

are e-interleaved Bn-modules, then there exists a CW-complex X and continuous functions 
-fM,7N : X ^R" such that HiO {X,jm) = M, H,oF^{X,jn) = N, and \\jm-7n\\oc = e. 

Sections 110.41110.81 are devoted to the proof of Proposition 110.31 

Corollary 10.4. For k = Q or Z/pZ for some prime p, for every Bn-module M and z E N, 
there exists a CW-complex X and a continuous function 7 : X ^ M" such that HioF^ {X, 7) = 
M. 

To see that Proposition 110.31 implies that dj is equal to d-ji-^ . on their common domain, 
let M and be two Sn-persistence modules such that dj{M,N) = e. Choose 5 > 0. Then 
M and N are are (e + (5)-interleaved. By the proposition, there exists a topological space 
X and maps jm,Jn : A ^ R" such that Hi o F^{X,jm) = M, HiO F^{X,jn) = N, and 
IItm — 7Af lloo = e + (5. Thus by stability, d-ji-^ i{M, N) < e + 5. Since this holds for all 5 > 0, 
dn,,^ (M, A) < e. By Lemma E2i dn,,, {M,N) = e. □ 

Note that the extension of Theorem 110.11 to the case i = would follow by the same 
argument from the following conjectural extension of Proposition 110.31 to the case i = 0. 

Conjecture 10.1. Let k = Q or k = Z/pZ for some prime p. Let M and A be e-interleaved 
Bn-modules such that for some topological spaces Xm, X^ and functions fM ■ Xm R", 
fN ■■ Xn ^ R", Ho o F^{XmJm) = M and Hq o F^{XN,fN) = A. Then there exists a 
CW-complex X and continuous functions ^MtIn '■ X — )• R" such that Hq o F^ {X,'^m) — M, 
Ho o F'^(X,7Ar) = A^, and \\jm - 1n\\oo = £• 

We do not prove this conjecture here. 
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Proof of Corollary UM Fix any i G N. Write Ki = {S,XsJs), 7^l,i = {S' , Xs' , fs')- By 
Theorem 18. H dj is T^i-stable. Further, any T^i-stable pseudometric d' on obj*(i?,„-mod) is TZi^i- 
stable. By Corollary ll0.4( when A: = Q or Z/pZ for some prime im(/5') = im(/5) = obj*(i?n- 
mod). Thus, if d' is any TZi stable metric, d'{M,N) < di{M,N) for any M,N e im{fs) by 
the T^i^j-optimahty of di. Thus dj is 7?.i-optimal. □ 

10.3 Optimality of the Bottleneck Distance 

Before proceeding with the proof of Proposition 110.31 we present optimahty results for the 
bottleneck distance. 

Let Y denote the set of isomorphism classes of tame Si-persistence modules. Since the 
bottleneck distance ds is only defined between elements of Y, formulating statements about 
the optimality of ds requires that we consider a relative structure on Y rather than on obj*(-Bi- 
mod). We can (in the obvious way) define restrictions 7^2 and 7^2,i of the relative structures 
TZi and TZi^i to relative structures on Y. 

Then, given Proposition 110.3] the proofs of Theorem llO.il and Corollarv 110.21 adapt to give 
that for A; = Q or /c = X/pZ for p a prime, ds is 7?.2-optimal, and for any i G N, is also 
^2,j-optimal. 

Moreover, if we further restrict our attention to well behaved i?i-persistence modules then 
we can prove an optimality result for arbitrary fields k and persistent homology of any dimen- 
sion. 

The key is the following variant of Proposition 110. 3t 

Proposition 10.5. Let k be any field and let i G Z>o. Let M and N he well behaved Bi- 
persistence modules with dB{M,N) = e. If i = 0, assume further that for some topological 
spaces Xm, Xn and functions fu '■ Xm fN '■ Xj\j — > R, Hq o F^{Xm, fu) — M and 

Hq o F''^ {Xn , f]\f) = N. Then for any 5 > 0, there exists a CW-complex X and continuous 
functions -/MjIn : X ^ R such that Hi o F'5(X,7Af) = M , Hi o F^{X,-fN) = N, and 
WlM - 7iv||oo < e + 5. 

Proof. An easy constructive proof, similar on a high level to our proof of Proposition 110.31 
below but much simpler, follows from the definition of ds and the structure theorem for well 
behaved persistence modules (Theorem I4.5p . We leave the details to the reader. □ 

Now let Y' denote the set of isomorphism classes of well behaved i?i-persistence modules. 
Let 7^3 and TZ^^i denote the restrictions of the relative structures TZi and TZi^i to relative 
structures on Y' . 

Our optimality result for the bottleneck distance on well behaved persistence modules is 
the following: 

Theorem 10.6. For any field k and i G Z>o, ds is TZ^^i- optimal. Further, ds is TZ-s-optimal. 

Proof. Using Proposition 110.51 in place of Proposition 110. 3^ the proofs of Theorem 110.11 and 
Corollarv 110.21 carrv over with only minor modifications to give the result. □ 
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Remark 10.1. In the case of 0-D ordinary persistence, our Theorem 110.61 implies a slight 
weakening of the optimality result of [19]. It is easy to check that in the geometric context 
considered in [19], the persistent homology modules obtained must satisfy property 2 in the 
definition of a well behaved Si-persistence module, but they needn't satisfy property 1. To 
strengthen our optimality result to a full generalization of the result of [19], we'd want a 
generalization of Theorem 14. 5 1 to all i?i-persistence modules satisfying property 2. We presume 
that this can be obtained via a slight strengthening of Theorem 13. 2^ but we do not pursue the 
details of this here. 



10.4 Proof of Proposition 110.31 Part 1: A Characterization of 
e-interleaved Pairs of Modules 

The rest of Section [10] is devoted to the proof of Proposition 110.31 

The main step in the proof of Proposition 110. 3] is the proof of Theorem 110. 71 below, which as 
we have noted, gives a condition equivalent to the existence of e-inter leaving homomorphisms 
between two persistence modules. The reader should think of the less trivial direction of 
Theorem 110.71 as an algebraic analogue of Proposition 110.31 

Remark 10.2. Before stating the theorem, we point out that for any n-graded set G and e > 0, 
the homomorphism S'((G(— e)), e) : (G(— e)) — > (G) is injective, and so gives an identification 
(G(-e)) with a subset of (G). 

More generally, if Gi and G2 are n-graded sets, we obtain in the obvious way an identifi- 
cation of (Gi,G2(— e)) with a subset of (Gi,G2). 

Theorem 10.7. Let M and N be Bn-persistence modules. For any e € M>o, M and N are 
e-interleaved if and only if there exist n-graded sets Wi,W2 and sets 3^i,3^2 C (Wi,W2) such 
that yi € (Wi, W2(-e)), 3^2 G (Wi(-e), W2), 

M ^ {Wi,W2{-e)\yi,y2{-e)) 
N={Wi{-e),W2\yi{-e),y2). 

If M and N are finitely presented, then Wi , VV2 , , 3^2 can be taken to be finite. 



Proof of Theorem \10.7 It's easy to see that if there exist n-graded sets yVi,yV2 and sets 



3^17 3^2 C (Wi,yV2) as in the statement of the theorem then M and are e-interleaved. 

To prove the converse, we lift to free covers of M and N a construction presented in the 
proof of [11^ Lemma 4.6]. [ITI Lemma 4.6] was stated only for i?i -persistence modules, but 
the result and its proof generalize immediately to i?„-persistence modules. 

Let f : M ^ N(—e), g : N ^ M{—e) be e-interleaving homomorphisms. 

Upon generalizing to i?„-persistence modules, the proof of Lemma [111 Lemma 4.6] yields 
the following result as a special case: 

Lemma 10.8. Letji : M(-2e) M®N{-e) be given by ji{y) = {S{M{-2e),2e){y), -f{y)). 
Let 72 : N{-e) M ® N{-e) be given by 72 (y) = {-g{y),y). Let R C M ® iV(-e) be the 
submodule generated by im(7i) U im(72). Then M = (M © N{—e))/R. 
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For convenience's sake, we reprove Lemma 110.81 here. 



Proof. Let l: M ^ M®N{-e) denote the inclusion, and let ( : Me A^(-e) MmN{-e)/R 
denote the quotient. We'll show that Co;, is an isomorphism. For any {vmiVn) G M© A^(— e), 

{-9{yN),yN) G i?, so C o i-igiyN)) = (0, vn) + R- Therefore C o i-{g{yN) + yu) = {yM, yN) + R- 

Hence ^ o t is surjective. 

o i is injective iff i{M) f] R = 0. It's clear that M D im(72) = 0. Thus to show that 
C o /, is injective it's enough to show that im(7i) C im(72). If y € M(— 2e), then since 
5(M(-26),2e)(y) = g o f{y), (S(M(-2e), 26)(y), -/(y)) = (5 o /(y), -/(y)) = 72(-/(y)). 
Thus im(7i) C im(72) and so (" o /, is injective. 

Thus o t is an isomorphism. □ 

Now let {Gm\Rm) be a presentation for M and let {Gn\Rn) be a presentation for N. 
Without loss of generality we may assume M = {Gm)/{Rm) and = {Gn)/{Rn)- Let 
Pm '■ (Gm) — > M, pn : (Gat) — )• denote the quotient maps. Then {{Gm), Pm) and {{Gn), Pn) 
are free covers for M and N. 

Let / : {Gm) ^ {GN{e)) be a lift of / and let g : {Gn) ^ {GM{e)) be a lift of g. 

Let Rm,n = {y- f{y)}y(zGM{-e) and let Rn,m = {y - g{y)}y^GN(-e)- Note that Rm,n is a 
homogeneous subset of {Gm{—^)-,Gn) and Rn,m is a homogeneous subset of {Gm,Gn{—^))- 

Let 

-Pm = {GM,GN{—e)\RM,RN{-e),RM,N{—(-),RN,M), 

Pn = {GM{-e),GN\RM{ — e),RN,RM,N,RN,M{-e))- 

Rm,n{—^) lies in 2e), G]\f{—€)). By Remark [10. 21 the map S'(Gm(— 2e), 2e) identifies 

(G'a./(— 2e)) with a subset of (Gm)- Thus is well defined. By an analogous observation, 
Pn is also well defined. 

We claim that Pm is a presentation for M and Pat and is a presentation for A^. We'll prove 
that Pm is a presentation for M; The proof that P^ is a presentation for N is identical. 

Let 

F = {GM,GN{-e)), 

K = {Rm, RNi-e), RM,N{-e), Rn,m) 
K' = {RM,RN{-e)). 

Let p : F ^ F/K denote the quotient map. Clearly, we may identify F/K' with M®N{—e). 
We'll check that under this identification, p maps {Rm,n{—()) surjectively to im(7i) and 
{Rn,m) surjectively to im(72). Thus K/K' = R. It follows that Pm is a presentation for M 
by Lemma 110.81 and the third isomorphism theorem for modules |22) . 

We first check that {p{Rm,n {—(-))) = ini(7i). Viewing Rm,n{—^) as a subset of {Gm, G]\f{—e)), 
Rm,n{-^) = {S{GM{-2e),2e){y)-f{y)}y^Gu(-~2e)- S{GM{-2e),2e) is a lift of 5(M(-2e), 2e) 
and / is a lift of /, so for any y € Gm(— 2e), 

p(5(GM(-2e),2e)(y) -/(y)) = {S{M{-2e),2t){pM{y)),-f{pM{y)))=li{pM{y)). 
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Thus p{Rm,n{—(-)) C im(7i). Since Gm generates (Gm) and pM is surjective, we have that 
p{{Rm,n{-())) = im(7i). 

The check that {p{Rn,m)) = 1111(72) is similar to the above verification that {p{Rm,n{—^))) = 
im(7i), but simpler. Rm,m = {y - g{y)}y(zGM(~e)- 9 is a lift of g so for any y G GAr(-e), 



Thus p{Rn,m) C im(72). Since Gn generates (Gn) and pat is surjective, we have that 

pHRnm)) = im(72)- 

This completes the verification that Pm is a presentation for M. 

Now, taking Wi = Gm, VV2 = Gn, = Rm U Rn,m, and 3^2 = Rn U Rm,n gives the first 
statement of Theorem 110.71 If M and are finitely presented then GmjGn , Rai, Rn, Rm,n, 
and Rn,m can all be taken to be finite; the second statement of Theorem 110.71 follows . □ 



10.5 Proof of Proposition [10^3], Part 2: Constructing the CW- 
complex 



Given Wi, W2, 3^2 as in the statement of Theorem 110.71 we now proceed with the proof of 
Proposition 110.31 beginning with the construction of the CW-complex X whose existence is 
posited by the proposition. 

Write >V = Wi U W2 and 3^ = 3^1 U 3^2- If M = iV = 0, Proposition fTOS] clearly holds, 
so we may assume without loss of generality that M and are not both trivial. Under this 
assumption, W 7^ 0. 

For an n-graded set S, let GGD{S) = {vi,...,Vn), where Vi = inf^gs fifr(s)j. In general, 
some of the components of GCD(yV) may be equal to —00. To simplify our exposition, we first 
present the remainder of the proof of Proposition 110.3] in the special case that GGD{yV) € M". 
The adaptation of our proof to the general case is reasonably straightforward; we outline this 
adaptation in Section flO. 81 

Well define X so that 

1. X has a single 0-cell B. 

2. X has an z-cell for each w E W. 

3. X has an {i + l)-cell e^"^^ for each y ^ y. 

For such X, the attaching map for each i-cell must be the constant map to B. To define 
X, then, we need only to specify the attaching map ay : S'- ^ X* for each y G 3^. 

We do this for = Q, and leave to the reader the easy adaptation of the construction (and 
its use in the remainder of the proof of Proposition 110.3]) to the case k = 'Ljp'L. 

For any y G 3^, we may choose a finite set Wjy C W such that gr{yS) < gr(y) for each 
w G yVy, and 



for some a'^y G Q. There's an integer z such that for each a'^y in the sum, za'^y G Z. Let 
For w Wy, define Uwy = 0. 



p{y-g{y)) = {-g{pN{y)),PN{y)) = i2{pN{y))- 




(3) 
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Lemma 10.9. There exists a choice of attaching map ay : for each y & y such that 

the CW-complex X constructed via these attaching maps has 6fj^^{e\^^) = '^^ew ^wy^w for 
all y ey. 

Proof. Let be as defined in Section [?.1.2[ For each w G W, and the characteristic map 
induce an identification of im(<I>^) with an z-sphere 5"^. We have that (X*, B) = A«,gvv;(5'^, B). 
Choose a basepoint o £ and for each w € Wy, let awy ■ (5'*,o) — )• {Slj,B) be a based map 
of degree a^y [cwy] G 7rj(X*, B), where vrj(X*, B) denotes the i*^ homotopy group of X^ with 
basepoint B. 

Order the elements of Wy arbitrarily and call them wi,...wi. Let ay : (S",o) {X^,B) 
be a map in [a^iy] ■ [o'w2y] ' ■■■ ' Wwiy] G 7rj(X*,i?). Then for any w € W, Qw o is a map 
of deg (See Section [Y.1.21 for the definition of g^). By the definition of 6f^i given in 

Section 17.1.21 the lemma now follows. □ 

We choose the attaching maps ay so that has the property specified in Lemma Il0.9i 

10.6 Proof of Proposition 110.31 , Part 3: Defining and 

Having defined the CW-complex X, we next define jm,7n '■ X — >■ R". 
Let X = {B} n^evv Dl Uy^y D'+\ 

X is the quotient of X under the equivalence relation generated by the attaching maps of the 
cells of X. Let tt : X ^ X denote the quotient map. For a topological space A, let C(^,M"), 
denote the space of continuous functions from A to W^. The map ~ : M") C(X,]R") 
defined by f{x) = f['n{x)) is a bijective correspondence between elements of M") and 
elements of ^{X^ M") which are constant on equivalence classes. 

In what follows, we'll define and by specifying their lifts ^MiIn- 

We'll take each of our functions ^m,Jn to have the property that for each disk of X, the 
restriction of the function to any radial line segment (i.e. a line segment from the origin of the 
disk to the boundary of the disk) is linear. Given this assumption, to specify each function it 
is enough to specify its values on the origins of each disk of X. We now do this. 

For any i S N and any unit disk D in W, let 0{D) denote the origin of D. 

• 1m{B) = ^n{B) = GCD{W); 

• For x G Wi U 3^1, 1m{0{D^)) = gr{x); 

• For X G W2 U y2, 1m{0{D^)) = gr{x{-e)). 

• For X € Wi U 3^1, ^n{0{D^)) = gr{x{-e)); 

• For X € W2 U 3^2, 1n{0{D^)) = gr{x). 

Lemma 10.10. ||7m — 7Ar||oo = £• 

Proof. Assume that for a disk D of X, |7M(a) — 7Ar(a)| < e for all a G 5D., and that 
\^m{0{D)) - 77v(0(D))| = e. We'll show that then |7M(a) - lN{a)\ < e for ah x e D. 
Applying this result once gives that the lemma holds on the restriction of jm^jn to X*. 
Applying the result a second time gives that the lemma holds on all of X. 
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To show that |7a/(«) — 7n{0')\ < let x be a point in D and write a = tO{D) + (1 — t)b 
for some b G 5D, and < t < 1. Since the restrictions of jm and 77V to any radial Hne 
segment from 0{D) to 5D are hnear, we have that 7M(a) = t'^M{0{D)) + (1 — t)^M{h), and 
lN{a) = t^N{0{D)) + {l-t)^N{b). Thus \lM{a) - lN{a)\ <t\^M{0{D)) - ^n{0{D))\ + {I - 
i)\lM{b) — 7Af(&)| < te + (1 — t)e = e as needed. □ 

10.7 Proof of Proposition 110.31 Part 4: Showing that Hi o 

Now it remains to show that Hi o F^{X,'yM) = M, HiO F^{X,jn) = N. We'U show that 
Hi o F^{X, 7Af ) = M; the argument that Hi o F^{X, ^n) = N is essentiaUy same. 

For a G M", let J-'a denote the subcomplex of X consisting of only those cells e such that 
lM{0{D{e))) < a, where in this expression D{e) is the disk of X whose interior maps to e 
under vr. {J^ajagR" defines a cellular filtration, which we'll denote T. Let Xa = F^ {X,"fN)a- 
It's easy to see that is a deformation retract of Xa- Further, the inclusions of each Ta ^ 
define a morphism x of filtrations; this morphism of filtrations maps under Hi to a morphism 
Hi{x) ■ Hi{T) — )• Hi{F^ {XjJm)) of Bn-persistence modules whose maps Hi{x)a '■ Hi{Fa) 
HiiX a) are isomorphisms. Any homomorphism of iJ^-persistence modules whose action on 
each homogeneous summand is a vector space isomorphism must be an isomorphism of Bn- 
persistence modules, so Hi{x) is an isomorphism. Thus, to prove that Hi o 74//) = M, 

it's enough to show that Hi{T) = M. 

By Remark EH H^{T) ^ Hf^{T). 

Note that J- has the property that each cell e of X has a unique minimal grade of appearance 
grjr{e) in J^. Since each cell has a unique minimal grade of appearance, for any j G Z>o, 
Cf ^(J-) is free: 

C7f ^(7-) = e,,cxa,-ccii B^{-grr{e^)). 

The usual identification of j-cells of X with a basis for Cj^^(X) extends in the obvious way 
to an identification of the j-cells of X with a basis for C'^^ [F). 

Moreover, the boundary homomorphism : C^!^{X) — > Cf^{X) and the boundary 
homomorphism : C^^{F) — )• Cf^{F) are related in a simple way: 

Lemma 10.11. ();^i(e^+i) = Etogw ««'J/V^cf'^(J-)(5"".F(e^),S'?'J-(4"^^))(el,). 

Proof. Recall that we constructed X in such a way that for any y £ y, 6^i{e^y^^) = Ylwsw ^^wy^n 
The result follows in a routine way from this expression for <Jf^i(e^'*"^) and the definition of the 
boundary map □ 

Now note that we have 5f = 0. If z 7^ 1 this is follows from the fact that F has no i — 1 cells. 
If i = 1, it is still true because of the isomorphism between cellular and singular persistent 
homology: we must have C^^(-F) = Bn{-gr^{B)) ^ Ho{F) ^ H§^{F), so 5i = 0. 

Therefore Hf^{F) = Cf^ {F)/im{6[_^-^). 

The bijection which sends if G W to the cell induces an isomorphism A : (Wi U 
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By the expression Q for y in terms of a'^y given in Section ri0.5l for y € U 3^2(— e), 
Thus 

= ({X] °«'3/¥'cf'^(J-)(5'''^(4)>fi'''-F(4'^^))(4)}yey) 

by Lemma [10. Ill A therefore descends to an isomorphism between Cp^(J-')/im((5^^) and 
(Wi, W2(-e))/(3^i,3^2(-e))- This shows that = M and thus completes the proof of 

Proposition [in3] in the special case that GCD{W) G M". 

10.8 Proof of Proposition 110. 3L Part 5: Adapting the Proof to 
the Case That GCD{W) ^ W 

As noted above, the proof of Proposition ll0.3l we have given for the special case that GCDiW) € 
M" adapts readily to a proof for the general case. We now outline this adaptation, leaving to 
the reader the straightforward details. 

Let X' be the standard CW-complex structure on M. That is, we take each z G Z to be a 
0-cell in X' , and for each z G Z, we take the interval {z, z + 1) to be a 1-cell in X' . 

To carry out the proof for the general case, we first present a modified version of the 
construction of the CW-complex X given in Section flO.Sl In this modified version, we construct 
the CW-complex X so that 

1. X' is a subcomplex of X. 

2. X has an i-cell ejj, for each w G W. 

3. X has an {i + l)-cell e^y^^ for each y £ y. 

4. As a set, X = X' U {el^ew U {4+^}j/ey- 

For r = (ri, ...,r„) G M", let [rj = max{z G Z|z < rj for 1 < j < n}. For all w G W, let 
the attaching map of be the constant map to the 0-cell lgr{w)\ C X'. 

This defines X^. To complete the construction of X, it remains only to specify the attaching 
map ay : ^ X* for each y G y. 

Let ttyjy be defined as in Section 110.51 An analogue of Lemma 110.91 holds in our present 
setting and admits a similar proof. Invoking this result, for each y G 3^ we choose Cy : ^ X* 
such that the CW-complex X constructed via these attaching maps satisfies S^i{e^y^^) = 
Y^wew ^wyel for each y ey. 

For r G X' = R, we define 7m(?') = iNii") = rl. As in the special case, we define the values 
of 7a/ and at the origin of the disks -D^ and Dp^^ as follows: 

• FovxeWiUyi, 7m(0(L>^.)) = gr{x); 
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• For X G W2 U 3^2, 1m{0{D^)) = gr{x{-€)). 

• For X G Wi U ^n{0{D^)) = gr{x{-e))- 

• For X G W2 U 1n{0{D^)) = gr{x). 

As in the special case, we require the restriction of 7m and to radial line segments of 
the disks D]^ and -0^+^ to be linear. This completes the specification of 7m and 7Ar. 

The argument of Lemma [10.101 shows that ||7m — 7Af||oo = and the argument of Sec- 
tion 110.71 adapts in a straightforward way to show that Hi o {X,^m) — M and Hi o 
F^{X,-fN) = N. □ 

11 Reducing the Evaluation of dj to Deciding Solv- 
ability of Quadratics 

Let MQ{k) denote the set of multivariate systems of quadratic equations over the field k. 

Fix n G N and Let M and be finitely presented i?n-persistence modules. Let q be the 
total number of generators and relations in a minimal presentation for M and in a minimal 
presentation for A^. We show in this section that given minimal presentations for M and A^, for 
any e > deciding whether M and are e-interleaved is equivalent to deciding the solvability 
of an instance of MQ{k) with 0{q^) unknowns and 0{q^) equations. 

We also show that dj must be equal to one of the elements of an order 0{q^) subset of M>o 
defined in terms of the grades of generators and relations of M and A^. Thus, by Theorem 16. H 
by searching through these values we can compute dj by deciding whether M and A^ are 
e-interleaved for 0{\ogq) values of e. That is, we can compute di{M,N) by deciding the 
solvability of 0{\ogq) instances of MQ{k). 

If e.g. A; is a field of prime order, a standard algorithm based on Grobner bases determines 
the solvability of systems in A4Q(k). AiQ{k) is NP-complete, however, and this algorithm 
is for general instances of AdQ{k) prohibitively inefficient. We leave it to future work to 
investigate the complexity and tractability in practice of deciding the solvability of systems in 
MQ{k) arising from our reduction. 

In practice, we are interested in computing the interleaving distance between the simplicial 
persistent homology modules of two simplicial n-filtrations. To apply the reduction presented 
here to this problem, we need a way of computing a presentation of the multidimensional 
persistent homology module of a simplicial n-filtration; strictly speaking, our reduction does 
not require that the presentations of our modules be minimal. However, to minimize the 
number and size of the quadratic systems we need to consider in computing the interleaving 
distance via this reduction, we do want the presentations we compute to be minimal. 

We will address the problem of computing a minimal presentation of the simplicial persis- 
tent homology module of a simplicial n-filtration in a companion paper. 
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11.1 Linear Algebraic Representations of Homogeneous Ele- 
ments and Morphisms of Free B„-persistence Modules 

11.1.1 Representing Homogeneous Elements of Free i?„-persistence Mod- 
ules as Vectors 

Given a finitely generated free ^^-persistence module F and an (ordered) basis B = bi,...,bi 
for F, we can represent a homogeneous clement v G F as a pair {[v, B],gr{v)) where [v, B] G 
is a vector: if v = Y^i:gr(v)>gr{bi) ^i^fFigrih), gr{v)){bi), with each Oj G k, then for 1 < i < / 
we define 

Ui if gr{v) > gr{hi) 
otherwise. 



[v.B]i 



Remark 11.1. Note that for 1 < i < Z, [6j,S] = e^, where denotes the i^^ standard basis 
vector in kK 

If F C F is a set, we define [F, B\ = {[v, B]\v G V}. 

11.1.2 Representing Morphisms of i^„-persistence Modules as Matrices 

Given finitely generated B„-persistence modules F and F' and (ordered) bases B = bi,...,bi 
and B' = b'l, b'^ for F and F' respectively, let Matk{B, B') denote the set of m x Z matrices 
A with entries in k such that Aij = whenever gribj) < gr{b[). 

We can represent a morphism / G hom(F, F') as a matrix [/, B, B'] G Matk{B, B'), where 
if fibj) = T.i:gr{bj)>gr{br) '^ijfF' {9r{b'i) , gr{bj)){b'i) , with each Uij G k, then 



[f,B,B'\ 



aij \i gr{bj) > gr{b[) 
otherwise. 



Lemma 11.1. The map [-,5,5'] : hom(F, F') — )■ Matk{B,B') is a bijection. 

Proof. The proof is straightforward. □ 

Note also the following additional properties of these matrix representations of morphisms 
between free Sn-modules: 

Lemma 11.2. Let F,F',F" be free Bn-persistence modules with ordered bases B,B',B". 

(i) If /i, /2 e liom(F, F') then [/i + /s, S, B'\ = [/i, B, B'\ + [/a, B, B'\, 

(ii) Iffi G hom{F,F'), /2 G hom{F',F") then [f2of^,B,B"] = [f2, B' , B"][fu B, B'], 

(Hi) For any e > 0, [S{F, e), B, -B(e)] = where for m G N, Im denotes the mxm identity 
matrix. 

Proof. The proof of each of these results is straightforward. □ 
For a graded set W and u G M", let = {y & W\gr{y) < u}. 
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Lemma 11.3. If Fi,F2 are free Bn-persistence modules with bases Bi,B2 and Wi C -Fi,W2 C 
F2 are sets of homogeneous elements then a morphism f : Fi F2 maps {Wi) into (W2) iff 
[f,Bi,B2][w,Bi] G span[Wf^'"\ B2] for every weWi. 

Proof. This is straightforward. □ 



11.2 Deciding Whether Two ^^-persistence Modules are e-interleaved 
is Equivalent to Deciding the Solvability of a System in A4Q{k) 

Let {Gm\Rm) , {Gn\Rn) be presentations for finitely presented 5„-modules M and N, and 
assume the elements of each of the sets Gm,Gn,Rm,Rn are endowed with a total order, 
which may be chosen arbitrarily. For a finite ordered set T and 1 < i < |r|, let Tj denote the 
i*'' element of T. 

We now define six matrices of variables, each with some of the variables constrained to be 

0. 

• Let A be an \Gn\ x \Gm\ matrix of variables, with Aij = iff gr{GM,j) < gfiGN,i) + £• 

• Let B be an \Gm\ x \Gn\ matrix of variables, with Bjj = iff gr{GN,j) < gr{GM,i) + 

• Let C be an \Rn\ x \Rm\ matrix of variables, with Cjj = iff gr{RM,j) < gr{RN,i) + e. 

• Let D be an |i2jv^| x \Rn\ matrix of variables, with Dy = iff gr{RN,j) < gr{RM,i) + e. 

• Let E be an \Rm\ x \Gm\ matrix of variables, with Ey = iff gr{GM,j) < g'r{RM,i) + 2e. 

• Let F be an \Rn\ x \Gn\ matrix of variables, with Fy = iff gr{GN,j) < gr{RN,i) + 2e. 

Let Tm denote the \Gm\ x \Rm\ matrix whose i*^ column is [RM,i,GM] and let Tjv denote 
the |Gjv| X \Rn\ matrix whose i*'^ column is [i?7v,i, Gjv]- 

Theorem 11.4. M and N are e-interleaved iff' the multivariate system of quadratic equations 





ATm 


= TnC 




BTn 


= TMiy 


BA 


- ^\Gm\ 


= Tm'Ei 


AB 


- ^\Gn\ 


= TnF 



has a solution. 

Proof. To prove the result, we proceed in three steps. First, we observe that for any free covers 

{Fm,Pm) and (-F/v,/OAr) of M and N, the existence of e-interleaving morphisms between M 
and N is equivalent to the existence of a pair of morphisms between Fm and F^ having certain 
properties. We then note that the existence of such maps is equivalent to the existence of two 
matrices, one in Matfc(GAf , Gat) and the other in M at}^{G ^ , G m) : having certain properties. 
Finally, we observe that the existence of such matrices is equivalent to the existence of a 
solution to the above multivariate system of quadratics. 
Let (Fm, Pm) and (F/v, pTv) be free covers of M and N. 

Lemma 11.5. M and N are e-interleaved iff there exist morphisms f : Fm Fi^{e) and 
g : Fm FM{e) such that 
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1. /(ker(/)Af)) C (ker{pN)){e), 

2. 5(ker(/)7v)) C (ker(pM))(e), 

3. gof- S{Fm, 2e) C (ker(pM))(2e), 
I /o5-5(F^,2e) C (ker(pjv))(2e). 

We'll call morphisms /, g satisfying the above properties e-interleaved lifts of the free 
covers {Fm,Pm) and {Fn,Pn)- 

Proof. Let f : M ^ ^{^) and g : N M{e) be interleaving morphisms. Then by Lemma l2.ll 
there exist lifts / : Fm Fj\f{e) and g : F/v Fm{^) of / and g. By the definition of a lift, / 
and g satisfy properties 1 and 2 in the statement of the lemma, go f is a lift ofgof = S{M, 2e). 
S{Fm, 2e) is also a lift of 5(M, 2e), so by the uniqueness up to homotopy of lifts (Lemma 12. ip . 
/ and g satisfy property 3. The same argument shows that / and g satisfy property 4. 

The converse direction is straightforward; we omit the details. □ 

Now let Fm = {Gm), Fn = {Gn), and let pM : Fm Fm/{Rm), Pn ■ Fn ^ Fn/{Rn) 
be the quotient maps. Since the interleaving distance between two modules is an isomorphism 
invariant of the modules, we may assume without loss of generality that Fm/ {Rm) = M and 
Fj\f/{R]\f) = N. Then {Fm,Pm) and {Fj\f,p]\f) are free covers of M and A^. 

Lemma 11.6. M and N are e-interleaved iff there exist matrices A G Matk{GM,GN) and 
B € Matk{GN-,GM) such that 

1. A[w^Gm] € span[i?^*-"'''^'^, Giv] for all w G Rm, 

2. B[w,Gn] G span[i?f/"'^+',GA/] for all w G Rn , 

3. {BA - I|GM|)(ei) G span[</''^^")+'^ Gm\ /or 1 < i < |Gm|, 

4. {AB - I\G^\){ei) G span[<('^^•')+'^G;v] forl<i< \Gn\. 

Proof. By Lemma [11.5l M and N are e-interleaved iff there exists e-interleaved lifts / : Fm 
F/v and g : F/v — )■ Fm of the free covers {Fm,Pm) and {Fn,pn)- 

By Lemma 111.31 morphisms / : Fm — > Fn and g : Fn Fm , are e-interleaved lifts iff 

1. [f,GM,GN{e)][w,GM] G span[i?jv(e)5'-(-'),G^(e)] for ah w G Rm, 

2. [g,GN,GM{e)][w,GN] € span[RM{ey-'M ,GM{e)] for ah w G Rn, 

3. [gof- S{Fm, 2e), Gm, GM(.2e)][w, Gm] G span[i?M(2e)s-(-), GM(2e)] for ah w G Gm, 

4. [fog-S{FN,2e),GN,GN{2e)][w,GN]espan[RN{2ey-^^\GNi2e)] for aU G G^v- 

By Lemma [TT21 

[gof- S{Fm, 2e), Gm, Gm{2€)] = [5, Gn, GM(e)][/, Gm, G7v(e)] - I\Gm\ 

and 

[/o5-5(F^,2e),Giv,Gjv(2e)] = [/, Gm, Giv(e)][5, Gtv, GA/(e)] - 

Also, by Remark 111. 11 for 1 < -i < \Gm\, [GM,i,GM] = ^i, where ej is the i*^ standard basis 
vector in k^'^'^'^. Similarly, for 1 < « < IGtvI, [GN,i, Gn] = ^i, where ej is the i*'* standard basis 
vector in fel*^^L 
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Finally, note that we have that 

[i?M(e)^"("\GM(e)] 

Using all of these observations, Lemma 111.61 now follows from Lemma 111. 11 □ 

Finally, Theorem 111.41 follows from Lemma 111.61 bv way of elementary matrix algebra and, 
in particular, the basic fact that for /,m € N and vectors v,vi, ...,vi in /c™, v € span(ui, ...,vi) 
iff there exists a vector w G such that v = Vw, where V is the m x / matrix whose i^^ 
column is Vi. □ 

Remark 11.2. Note that the size of the system of quadratic equations in the statement of The- 
orem [TT~41 is O(g^), where q is the total number of generators and relations in the presentations 
for M and N. For any e > 0, the system of quadratics has as few variables and equations as 
possible when the presentations for M and are minimal. 
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11.3 Determining Possible Values for di{M,N) 

Let M and be finitely presented iJ^-modules, and let Ul,j, C/^, Um, and Un be as defined 
at the beginning of Section [6l Let 

Uai,n = U - y\}xeui.j,yeui, y\}x,yeuij ^ {^k - y|}^,yec/^ j U {0, oo}. 

Note that \Um,n\ = 0{q'^), where as above q is the total number of generators and relations 
in a minimal presentation for M and a minimal presentation for N. 

Proposition 11.7. di{M,N) G Um,n- 

Proof. Assume that for some e' > 0, e' Um^n-, M and N are e'-inter leaved. Let e be the 
largest element of Um,n such that e' > e, and let 5 = e' — e. 

We'll check that M, A^, e and 6 satisfy the hypotheses of Lemma 16.71 The lemma then 
implies that M and are e-interleaved. The result follows. 

By assumption, M and A^ are (e + (5)-interleaved, so the first hypothesis of Lemma 16.71 is 
satisfied. We'll show that the second hypothesis is satisfied; the proof that the third hypothesis 
is satisfied is the same as that for the second hypothesis. 

If z G Um then for no i, 1 < i < n, can an element of Uj^ lie in (zj + e, Zj + e + 5]; if, to 
the contrary, for some i there were an element u E Uj^ Ci {z + e, z + e + 6], then we would have 
|ti — Zi| G Um^n-, and e < \u — Zi\ < e + 5, which contradicts the way we chose e and 5. Thus 
by Lemma WM lpn{z + z + e + 5) is an isomorphism. 

Similarly, for no i, 1 < i < n, can an element of U\i lie in [zi + 2e, + 2e + 25]; if, to the 
contrary, for some i there were an element u G n (z + 2e, z + 2e + 25], then we would have 
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2\u — Zi\ G Um^N, and e < -^lu — Zi\ < e + 6, which again contradicts the way we chose e and 
6. By Lemma [U^ ^m{z + 2e, z + 2e + 25) is an isomorphism. 

Thus the second hypothesis of Lemma 16.71 is satisfied by our M, iV, e,(5, as we wanted to 
show. □ 



12 Discussion of Future Work 

We beheve that Theorem 15.21 Corollary 16.21 and Corollary 1 1 . 2 1 est ablish the credentials of the 
interleaying distance as a natural generalization of the bottleneck distance to the setting of 
multidimensional persistence. 

Insofar as the interleaying distance is in fact a good choice of distance on multidimensional 
persistence modules, the question of how to compute it is interesting and, it seems to us, 
potentially important from the standpoint of applications. The results of Section [TT] suggest 
a path towards the deyelopment of a theory of computation of the interleaying distance. We 
plan to pursue this path further in subsequent work. As noted in Section [TTl to exploit the 
connection with multiyariate quadratics in the development of such a theory in practice, one 
needs in particular a way of computing minimal presentations of simplicial homology modules 
of simplicial n-filtrations. We will address this problem in a companion paper. 

As mentioned in the introduction, our yiew is that the existence of a good choice of metric 
on multidimensional persistence modules promises to facilitate the adaptation to the multidi- 
mensional setting of theoretical results and applications of ordinary persistence which depend 
on the bottleneck distance. We believe that there is plenty of interesting and potentially useful 
work to be done in carrying out this adaptation. 

Corollary 110.21 demonstrates that the interleaving distance is optimal in the sense of Ex- 
ample ET] when A; = Q or Z/pZ. However, our discussion of optimality of pseudometrics in 
Section [9] raises many more questions than it answers. Some of the more interesting questions 
are: 

1. Can we extend the result of Theorem llO.ll to arbitrary ground fields? It seems this would 
involve invoking an analogue of the universal coefficient theorem for persistence. 

2. Can we extend the result of Theorem llO.ll to the case i = 0? 

3. Can we prove that the interleaving metric is 7^-optimal for TZ any of the relative structures 
on obj*(i?„-mod) defined in Examp les 1 9 . 31193] ? The case of Example 19.41 is of particular 
interest to us. We have observed in Section 19.31 that in this case an 7^-optimal metric 
does exist. 

4. Can we obtain analogous results about the optimality of metrics on more general types 
of persistent homology modules? For instance, can we prove a result analogous to The- 
orem (TOlT] for levelset zigzag persistence [5]? 

An interesting question related to question H] above is whether there is a way of algebraically 
reformulating the bottleneck distance for zigzag persistence modules as an analogue of the 
interleaving distance in such way that the definition generalizes to a larger classes of quiver 
representations [21]. 
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Finally, we mention again that it would be nice to have an extension of Theorem 14.51 to a 
structure theorem for arbitrary tame Si-persistence modules, and an extension of Corollary l6.2l 
to well behaved tame i?„-persistence modules. 
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A Appendix: The Coherence of Bn 
A.l CoherencerBasic Definitions and Results 

k[xi, ...,x„] is well known to be a Noetherian ring. Finitely generated modules over Noethe- 
rian rings have some very nice algebraic properties. Here we define a standard weakening 
of the Noetherian property called coherence. Analogues of many of the same nice algebraic 
properties that hold for finitely generated modules over Noetherian rings hold for finitely pre- 
sented modules over coherent rings. In particular, we have Corollary \AA\ which we will use 
in Appendix [B] to prove Theorem 12.21 

Definition. For R a ring, we say an R-module M is coherent if M is finitely generated and 
every finitely generated submodule of M is finitely presented. We say a ring R is coherent if 
it is a coherent module over itself. 

Coherent commutative rings and coherent modules are well studied; the following results 
are standard. The reader may refer to |26j for the proofs. 

Proposition A.l. If R is a Noetherian ring then R is coherent. 

Theorem A. 2. If R is a coherent ring then every finitely presented R-module is coherent. 

Theorem A. 3. If f : M N is a morphism between coherent R-modules M and N then 
ker(/), im(/), and coker(/) are coherent R-modules. 

Combining these last two theorems immediately gives 

Corollary A. 4. If R is a coherent ring and f : M ^ N is a morphism between fintely 
presented R-modules M and N, then ker(/), im(/), and coker(/) are finitely presented. 
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A. 2 The Ring is Coherent 

Theorem A. 5. For any n € N, i?„ is coherent. 
Proof. The key to the proof is the following theorem: 

Theorem A. 6 ( [26\ Theorem 2.3.3]). Let {Ra}aes be a directed system of rings and let 
R = lim^ Rq,. Suppose that for a < (3, Rjs is a flat R^ module and that R^ is coherent for 
every a. Then R is a coherent ring. 

First, recall that M is a vector space over Q. We'll say that ai, ...,ai € ]R>o are rationally 
independent if they are linearly independent as vectors in M over the field Q. 

We next extend this definition to vectors in M"q: We say a finite set V C M>g is rationally 
independent if 

1. V is the union of sets Vi, ...,Vn, where each element of Vi has a non-zero i*'' coordinate 
and all other coordinates are equal to zero. 

2. For any i, if ai,...,ai are the non-zero coordinates of the elements of Vi (listed with 
multiplicity), then oi, ...,ai are rationally independent in the sense defined above. 

We define an n- grid to be a monoid generated by some rationally independent set V C IR>o- 
Denote the n-grid generated by the rationally independent set V as r(y). T(V) is a submonoid 
of M^Q. 

Lemma A. 7. IfV is a rationally independent set, then the n-grid generated by V is isomorphic 
to . 

Proof. The proof is straightforward; we omit it. □ 
As noted in Section [221 for any m G N, A;[Z?^o] ^ k[ 

xi,...,Xm]- As the latter ring is 
Noetherian, it is coherent by proposition lA.il Thus if G is an n-grid, k[G] is coherent. 

Lemma A. 8. For any finite set A C M>o, there's a rationally independent set B C M>o such 
that A lies in the monoid generated by B. 

Proof. We proceed by induction on the number of elements / in the set A. The base case is 
trivial. Now assume the result holds for sets of order I — 1. Write A = {ai,...,a/}. By the 
induction hypothesis there exists a finite rationally independent set A' = {a'^^, a^} such that 
{ai, ...,a/_i} lies in T{A'). If A' U ai is rationally independent, take B = A' U ai. Otherwise 
ai = qia[ + ... + g^-ia^-i for some qi, ...,qi^i £ Q; we may take B = {q'ia[, ...,q'i_^a'^_^}, 
where = l/ftj for some 5j G N such that qi = a/bi for some a G Z>o. □ 

Lemma A. 9. The set of n-grids forms a directed system under inclusion with direct limit 

Proof. To show that the set of n-grids forms a directed system, we need that given two n-grids 
Gi and G2, there's an n-grid G3 such that Gi C G3 and G2 C G3. This follows readily from 
Lemma IA.8I we leave the details to the reader. Any element of M>q lies in an n-grid, so M" g 
must be the colimit of the directed system. □ 
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For a monoid A and a submonoid A' C A, we have k[A'] C A; [A]. This imphes the fohowing: 

Lemma A. 10. The set of rings {k[G]\G is an n-grid} has the structure of a directed system 
induced by the directed system structure on the set of n-grids, and Bn is the direct limit of this 
directed system. 

Proposition A. 11. Given two positive n-grids G' , G with G' C G, k[G] is a free k[G'] module. 
Proof. We begin by establishing a couple of lemmas. 

Lemma A. 12. For any rationally independent set V and n-grid A containing T{V'), there is 
a rationally independent set V such that A = T{V) and such that for each a £ V , V contains 
an element of the form a/b for some 6 G N. 

We call V an extension of V. 
Proof. The proof of Lemma lA.12l is similar to the proof of Lemma lA.81 we omit it. □ 

Let S denote the set of maximal sets of the form g -\- G' = {g -\- g'\g' € G'} for some g (z G. 
Lemma A. 13. The sets S form a partition of G. 

Proof It's enough to show that if gi + G',g2 + G' £ S and gi + G' n g2 + G' / 0, then 
gi + G' = g2 + G'. 

Let V be a rationally independent set with T{V') = G', and let V be an extension of 
V' with T{V) = G. Write V = {vi,...,vi} and V = {vi/bi, ...,vi/bi,vi^i, ...,Vm} for some 
bi,...,bi£N. 

Assume there exist gi,g2 G G' such that gi + g'l = g2 + g2- We'll show that there then 
exists an element g^ £ G such that gi,g2 G gs + G. By the maximality of gi + G' and g2 + G' , 
this implies gi + G' = g2 + G', as needed. We write 

91 = yivi/bi H h ym/bi + yi+ivi+i H h ymVm, 

92 = ZiVi/bi H h ZiVi/bi + Zi+iVi+i H h ZmVm, 

9i = y'lVi H ^y'lVi, 

52 = z'lVi H h z'lVi. 

for some yi, ...,ym, zi, Zm,yi, -.-Ty'i, z[, z'l G Z. By the rational independence of V and the 
fact that gi + g[ = 92 + 92-: have that yi = zi ioi I + 1 < i < m. 
Define 

53 = min{yi,zi)vi/bi -\ h min(y/, zi)vi/bi + yi+iVi+i H \- ymVm, 

91 = {yi - min(yi,zi))vi/6i H h (y; - m.m.{yuzi))vi/bi, 

92 = (zi - mm{yi,zi))vi/bi H ^ {zi - mm{yi, zi))vi/bi. 

93 + 9i = 9i aiid 53 + 52 =92, so if we can show that g'(, 53 G G' we are done. 

By the rational independence of V and the fact that 5i + 5i = 52 + 52' 1 ^ ^ ^ ^ 
we have that min(yj, + max{y'-,z^) = yi/hi + y[. This implies that max(y^,z^) — y'^ = 

{yi — min(?/j, Zj))/6j. In particular, the term on the right hand side lies in Z>o. Thus g'l G G' . 
The same argument shows 52 G G'. □ 
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Now we are ready to complete the proof of Proposition I A. 1 ll It's easy to see that for any 
■s E 5, the natural action of G' on s extends to give k[s\ the structure of a free k[G'] module 
of rank 1. It follows from Lemma IA.13I that the sets have trivial intersection as 

A;[G']-submodules of k[G\. We then have that as a k[G'\ module, k[G] = 0sg5/c[s], and so in 
particular k[G] is a free /c[G']-module, as we wanted to show. □ 

Given Lemma [A. 101 and Proposition I A. 1 1| Theorem I A . 6 1 applies to give that Bn is coherent, 
since free modules are flat [25]. □ 



B Minimal Presentations of 5^-persistence Modules 

This section is devoted to the proof of Theorem 12. 2i 

B.l Free Hulls 

We first observe that some standard results about resolutions and minimal resolutions of 
modules over local rings adapt to i?„-persistence modules. We'll only be interested in the 
specialization of such results to the 0*^ modules in a free resolution, and for the sake of 
simplicity we phrase the results only for this special case. However, the results discussed here 
do extend to statements about free resolutions of finitely presented i3„-persistence modules. 
Let m denote the ideal of Bn generated by the set 

{v G -B„|v is homogeneous and gr{v) > 0}. 

Define a free hull of M to be a free cover {Fm, Pm) such that keic{pM) C mFM- 

Nakayama's lemma [25] is a key ingredient in the proofs of the results about free resolutions 
over local rings that we would like to adapt to our setting. To adapt these proofs, we need an 
n-graded version of Nakayama's lemma. 

Lemma B.l (Nakayama's Lemma for Persistence Modules). Let M be a finitely generated 
Bn-persistence module. If yi, ...,ym G M have images in M/mM that generate the quotient, 
then yi, ...,ym generate M. 

Proof. The usual Proof of Nakayama's lemma [25 j carries over with only minor changes. □ 

Lemma B.2. A free cover {Fm, Pm) of a finitely generated Bn-persistence module M is a free 
hull iff a basis for Fm maps under pM to a minimal set of generators for M . 

Proof. Given the adaptation Lemma IB. II of Nakayama's lemma to our setting, the proof of 
[25 1 Lemma 19.4] gives the result. □ 

It follows easily from Lemma IB. 21 that a free hull exists for any finitely generated Bn- 
persistence module M. Corollarv IB. 41 below gives a uniqueness result for free hulls. 

Theorem B.3. // (Fm, Pm) is a free hull of a finitely presented Bn-persistence module M and 
{F^,p'j^j) is any free cover of M, then Fm includes as a direct summand of F'j^j in such a way 
that F^i = Fm © F'l^ for some free module F^j, and ]iev{p'j^) = kev{pM) © F'^^ C Fm © F^. 
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Sketch of Proof. The statement of the theorem is the speciahzation to modules in the free 
resolutions of M of an adaptation of [25, Theorem 20.2] to our i?„-persistence setting. To 
modify Eisenbud's proof of [25^ Theorem 20.2] to obtain a proof of Theorem IB. 31 one needs to 
invoke the coherence of Bn and use Corollary IA.4I to show that ker(/37v/) is finitely generated. 
Given this, the strategy of proof adapts in a straightforward way. □ 

Corollary B.4 (Uniqueness of free hulls). If M is a finitely presented Bn-persistence module, 
and {Fm,Pm), {^'m^p'm) '^'^^ fr^^ hulls of M , then there is an isomorphism from Fm to 
F'jf^j which is a lift of the identity map of M . 

Proof. By Theorem IB. 31 we can identify Fm with a submodule of F'j^^ in such a way that 
F'm = Fm® F'Ij- for some free module F'l^ and ker{p\.[) = ker(p) F'^^ C Fm © i^A/- Since Fj^ 
is a free hull, we must have ker(/9^^) G TtxFjJ^, which implies Fj^^ = 0. The result follows. □ 

Corollary B.5. If M is a finitely presented Bn-persistence module andB,B' are two minimal 
sets of generators for M , then gr{B) = gr{B'). 

Proof. This follows from Corollarv IB. 41 and Lemma |B.2[ □ 



B.2 Proof of Theorem [22] 

Recall that a minimal presentation {G\R) of a i3„-persistence module M is one such that 

1. the quotient (G) {G)/{R) maps G to a minimal set of generators for {G)/{R). 

2. ii is a minimal set of generators for (R). 

Let M be a finitely presented iJ^-persistence module. Let {G\R) be a minimal presentation 
of M. We need to show that for any other presentation {G'\R') of M, gr{G) < gr[G') and 
gr{R)<gr{R'). 

Let : {G)/{R) M and V' : {G')/{R') M be isomorphisms, let vr : (G) ^ {G)/{R) 
and it' : (G') (G') / {R') be the quotient homomorphisms, let /? = ^ o vr, and let p' = ip' o vr'. 
Then by Lemma lB.21 ((G), p) is a free hull of M, and {{G'),p') is a free cover of M. 

By Theorem IB. 31 (G) includes as a direct summand of (G'). The image of G under this 
inclusion can be extended to a basis for (G'). Recall that if B and B' are two bases for a free 
i?n-persistence module F, then gr{B) = gr[B'). We thus have that gr[G) < gr[G'). 

Theorem |R3] also implies that {R') = (R) ® F for some free i?n-persistence module F. 
Let i? be a basis for F. Then RU B is a minimal set of generators for (R) © F. Let R" 
denote the image of R' under an isomorphism from {R') to {R) © F and let p : {R) © F — ?> {R) 
denote projection onto the first summand. Since p is surjective, p{R") is a set of homogeneous 
generators for (R). 

Since (G) and M are finitely presented, by Corollary IA.4I ker(p) = (R) is also finitely 
presented. Then by Corollarv IB. 5) gr{R) < gr{p{R")). Since gr{p{R")) < gr{R") = gr{R') 
we have that gr[R) < gr[R'). □ 
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